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This is Part 1 of a supporting document for the Report from the teaching experiment on 

absolute value inequalities conducted by the authors. The document contains transcripts 

of task-based interviews with 18 students who participated in the experiment. Part 1 

contains transcripts of interviews with the Procedural Approach (PA) group, Part 2 –with 

the Theoretical Approach (TA) group, and Part 3 – with the Visual Approach (VA) 

group. The transcripts in each group are given in the order of the participants‟ codes: we 

start with the transcript of the interview with participant PA-1, and continue with PA-2, 

PA-3, etc. The transcripts are annotated, pointing to evidence of positive and negative 

symptoms of theoretical thinking behaviors.  Explanation of the meaning of the terms 

used to name the behaviors can be found in the Report. The supporting document 

contains also some additional information on each participant: age, mathematics courses 

taken at the time of the interview, emotional experience in the courses, average grade in 

the courses, and performance on the exercises in the experiment. The interviews focus 

mainly on participants‟ solutions of the exercises, but they contain also transcripts of the 

more general part of the interview, based on questions such as: 1) How do you normally 

know if your answer is right or wrong? Are you even interested in that? 2) What did you 

like about the lecture? What did you not like? What would you change to make it better 

adapted to students like you? 3) Was the lecture different from what you are used to?  4) 

Why are you taking math courses? 5) Explain why you find that the math courses you are 

taking are stressful (or not); enjoyable (or not).   
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THE PROCEDURAL APPROACH (PA) GROUP 

PARTICIPANT PA-1 

Age: 21-25 

Math courses taken at the time of the interview: MATH 205, MAST 217 

Reasons for taking the courses: will need it in future study 

Experience in the courses: very enjoyable, mildly stressful.  

Average grade in the courses: 70% 

Performance on exercises: Ex. 1, 2, 4, 5 correct (67%) 

 

There were no questions after viewing the lecture. 

Interview after solving the exercises 

Exercise 2 

1. Interviewer: Tell me how you did the second one.  

2. PA-1: I just did it the same way as they did here. I 

solved for zero on both sides. 

3. Interviewer: You solved for x 

4. PA-1: I put x – 1 = 0, x + 1= 0, so x = 1, x = –1, and then 

I put it in a chart and I solved if x is smaller than –1, if 

it‟s in between and [if it‟s] greater than 1. And I solved 

it in these three cases. In the first case,[then] both are 

negative, which means I put negative in front, before the 

bracket and I came out with that. 

5. Interviewer: How do you know you are right? 

6. PA-1: Because that‟s how you are supposed to do it? I 

don‟t know! 

7. Interviewer: How do you normally know you are right, 

when you do problems in class. 

8. PA-1: (Silence) Well, here, I know I‟m right because 1 

is not less than –1, so it‟s false, so  

9. Interviewer: you reject it 

10. PA-1: Yeah, exactly. You can always check your 

answer after, to see 

11. Interviewer: Your answer was x > 0. How would you 

check? 

12. PA-1: I would just substitute something that‟s bigger 

than 0, like 1, and see if I get the right answer. So 1–1 is 

zero, 1+1 is 2, 0 is smaller than 2. And you can go on 

like that.  

13. Interviewer: And what does this arrow mean? (refers 

to the last line in the solution, where the initial 

inequality is written, followed by the implication arrow) 

14. PA-1: It‟s just like “therefore”. 

15. Interviewer: Isn‟t this equivalent to that?  

16. PA-1: Yes, it is. 

17. Interviewer: So you could (pause) 

18. PA-1: Yeah (adds another arrow to make it an if and 

only if arrow) 

Line 4: “if” with implicit “then”: 

symptom of hypothetical thinking. 

 

Line 4: taking the opposite of a 

number understood as a formal 

operation of “putting negative in 

front”; could be a symptom of the 

compound Sign+AMN conception 

of number. 

Line 8: Symptoms of both proving 

behavior (“I‟m right because”) and 

Hypothetical Thinking ([since]…so) 

 

Line 6: Her first reaction is 

procedural behavior. Only when 

pressed by the interviewer does she 

offer a mathematical argument in 

line 8. 

 

Line 12: Checks (by numerical 

testing) when prompted, but did not 

do it when solving exercise 2: 

negative behavior in relation to 

Proving.  

On the other hand, she displays a 

symptom of understanding 

inequalities as propositional 

functions here: understands that 

their truth value is conditional upon 

the value of the variable. By saying, 

“you can go on like that”, she gives 

the impression that she understands 

letters as variables, and not as 

placeholders or unknowns only.  
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Exercise 3 

19. Interviewer: In this case, what was the result you got? 

20. PA-1: I am not sure I got a correct answer, but I got infinity 

for the third one.  

21. Interviewer: What do you mean, “infinity”?  x is? 

22. PA-1: Because when I did that and then I substitute, then I 

get x bigger than zero for the first case, and x < 0 in the third 

case. 

23. Interviewer: So it‟s like “everything”. “Infinity” means “all 

numbers”? 

24. PA-1: Yeah. 

25. Interviewer: (Silence) 

26. PA-1: Maybe I made a mistake somewhere, but (pause) 

27. Interviewer: Can you check this answer the way you did 

before?  

28. PA-1: All right. Let‟s take x = 0. So I get 3 smaller than 0 

which is incorrect. No, it‟s actually 0 – 1 which is –1 so –3 

times –1 is 3 so 0 is smaller than 3.  

29. Interviewer: Absolute value of –1 is? 

30. PA-1: One. So it‟s –3.  So it‟s three (pause) it‟s actually a 3. 

OK, so let‟s say, x = 0. Then on the left hand side we have 3 

and on the right hand side we have –3. 3 < –3, it‟s incorrect. 

So I made a mistake, but I don‟t know where. 

31. Interviewer: So because of this one number that doesn‟t 

work, your conclusion (pause) 

32. PA-1: One number that doesn‟t work. Zero. Oh, zero is not 

included. So it‟s all numbers besides 0. 

33. Interviewer: All right, so let‟s try some more.  

34. PA-1: Some more. So let‟s try 1. Four is smaller than 0. So it 

doesn‟t work very well (laughs). So I guess negative numbers 

won‟t work, either. I don‟t know what I did wrong.  

35. Interviewer: In the lecture, didn‟t it say that absolute values 

are always positive or zero? 

36. PA-1: Yes. 

37. Interviewer: Look at the right hand side. 

38. PA-1: So I get (pause) everything (pause) x is bigger than 

zero. 

39. Interviewer: Look at the right hand side of this inequality. 

There is minus 3 times an absolute value 

40. PA-1: of x – 1. And when I solve I only solve for , 

right? What do I solve for? 

41. Interviewer: Absolute value of x – 1 

42. PA-1: Mhm? 

43. Interviewer: It can be 0 or something positive. 

44. PA-1: Yes.  

45. Interviewer: Yes, and then you multiply by minus 3.  

46. PA-1: (Silence) 

47. Interviewer: So what‟s the number you get? 

48. PA-1: Always negative 

49. Interviewer: Always negative on the right hand side. And on 

Line 26: Refers to written 

solution where she applied the 

procedure shown in the 

lecture: procedural behavior 

PB1 

 

Line 27: student did not check 

her answer when working 

alone. 

 

 

Lines 26, 30, 34: procedural 

behavior: if the answer is 

incorrect, the reason must be 

in incorrect application of a 

procedure (PB1) 

 

 

 

 

 

 

 

 

Lines 32, 38: Still doesn‟t 

notice the contradiction 
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the left? 

50. PA-1: Always positive.  

51. Interviewer: Or zero. So? 

52. PA-1: Yeah, but when I was solving it here, for example, in 

the first case, I get negative on both sides, I get negative 3 

times negative x–1 on the right hand side, so I get PLUS 3.  

53. Interviewer: So what do you get?  

54. PA-1: Smaller than zero (pause)  bigger than zero 

55. Interviewer: All right, but this is together with  here, 

right?  

56. PA-1: Mhm 

57. Interviewer: So how can this be, together? 

58. PA-1: From –3 to 0?  

59. Interviewer: x < –3 

60. PA-1: OK, so from minus infinity to –3 and from 0 to 

infinity 

61. Interviewer: AND also, AT THE SAME TIME, x greater 

than 0. Numbers that are less than –3 and at the same time 

greater than 0? Are there any such numbers?  

62. PA-1: I‟m sorry but I don‟t understand. From minus infinity 

to zero 

63. Interviewer: But there are no such numbers. So it‟s actually 

a? 

64. PA-1: Rejection! Oooooh. I just thought these are the 

numbers you should be looking at. 

65. Interviewer: The condition you are getting is x greater than 

0. But it is contradictory with this assumption. You have 

solved the inequality but have forgotten where you are. 

(Interviewer and PA-1 look then at case II and again PA-1 

realizes that the result x > 3 is contradictory with –3 < x < 1).  

66. PA-1: So the only answer is that x > 1?  

67. Interviewer: Wait a minute. Case III is when x > 1. And you 

got x < 0. It can‟t be, either. 

68. PA-1: Because it‟s only from 1 to plus infinity? So there is 

no numbers (total amazement). 

69. Interviewer: No. (Pause) You could have seen it without 

going through all this, because (goes into the theoretical 

argument and points to the fact that PA-1 ignored the interval 

conditions in her reasoning) 

70. PA-1: Yeah (sounds sad) I did the same thing everywhere, so 

I am going to fail. 

Line 52: 

 Student interprets 

the result as a positive number 

possibly because there is no 

negative sign in front. This 

could be a symptom of 

Sign+AMN conception of 

number. Here, she seems to 

treat letters as elements of a 

formal language, with no 

reference to something outside 

themselves. 

 

 

Line 60: Still does not see the 

contradiction, so the 

interviewer goes over the 

procedural solution with her. 

 

Line 61: Interviewer draws 

student‟s attention to the 

interval conditions, which she 

wrote but failed to take into 

account (negative behavior in 

relation to Hypothetical 

Thinking). For her, the 

interval conditions play the 

role of a label for a case: she 

writes them, because they 

were written in the worked out 

example in the lecture, but 

does not treat them as 

assumptions that have to be 

taken into account (procedural 

behavior PB3) 

 

Exercises 4 and 5 

71. Interviewer: We‟ll see… For example, here, you got the right answer.  

72. PA-1: (laughs) Even though I didn‟t look at the interval. (…) 

Remarks: She believed she used the taught procedure in Exercise 4, but used conjunction to 

combine the results of cases (negative behavior relative to Analytic Thinking A-combining-by-

conjunction). In exercise 5, she used disjunction. She also used disjunction in Exercise 2, but 

did not know what to do with the results of cases in Exercise 6. PB2 in Exercise 5: she re-

solved the equation  although she had already solved it in Exercise 4.    
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Exercise 6 

73. Interviewer: And what‟s here, finally? 

74. PA-1: This is, actually (pause) because (pause)  this is going to be the same (pause) the same 

problem. This is going to be rejection because x is bigger than a positive number (while the 

interval is (–infinity, –100)). So it doesn‟t belong here. Here it‟s OK. And here, ooh, no, it‟s 

OK. 

75. Interviewer: So what‟s your final answer? 

76. PA-1: (after some time, gives the correct answer) 

77. Interviewer: You are pointing your fingers in a parallel way to the approximate places on the 

number line where –99/51 and 101/49 are). So you are visualizing numbers on the number line 

when you compare them? 

78. PA-1: Yes. 

Final interview 

79. Interviewer: We are very interested in this issue of students‟ control over their solutions. We 

have three different approaches to the teaching of absolute value, and asking which one is 

better in providing students with tools for verifying their answers. So that they know 

themselves if they are right or wrong without waiting for the teacher. So this is our main 

question. When you do your homework, how do you know you are right or wrong? 

80. PA-1: Sometimes I verify, sometimes there is a way of verifying, but sometimes there is none, 

so I just stop.  

81. Interviewer: Can you give an example when there is none?  

82. PA-1: What I do after? I just go to class, or to the teacher.  

83. Interviewer: But what kind of problem could that be? 

84. PA-1: What kind of problem? Perhaps those kinds of problems with how do you call those? 

Where you have a…, you know like sentences problems where you have to find, where you 

have, let‟s say a triangle, an angle and a side and you have to calculate another side, or things 

more complicated than that. You can‟t verify your answer with that.  

85. Interviewer: Geometry? 

86. PA-1: Not only. But yes, in geometry, when you have a triangle and you are given an angle 

and two sides and you have to calculate the other one.  

87. Interviewer: Can‟t you just measure? 

88. PA-1: I don‟t know? Depends on how big the numbers are.  

89. Interviewer: How about simplifying expressions in algebra? Is there another way of verifying 

besides re-doing, which might not be a good way if you keep making the same mistake over 

and over again? 

90. PA-1: Can‟t you just substitute?  

91. Interviewer: What if it is not an equation?  (gives examples of factoring polynomials and 

simplifying huge rational expressions) 

92. Interviewer: What is it that you didn‟t like about the lecture? 

93. PA-1: I wouldn‟t like the idea of not being able to ask questions at the same time as I am 

listening to the lecture.  

94. Interviewer: Was there anything that you liked about the lecture? 

95. PA-1: It was slow, it was not very fast.  

96. Interviewer: Are the lectures you are following now faster than that?  

97. PA-1: Of course, yea.  

98. Interviewer: Was this lecture very different from what you have seen so far? 

99. PA-1: No, I don‟t think so. There aren‟t many ways of doing this stuff. You have to check for 

minuses and pluses.  
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100. Interviewer: Is there anything you would change about this lecture so that it is better 

suited for students like you? 

101. PA-1: No, I don‟t think so. I think people have their own knowledge, me, I just forgot how 

to concentrate on these things. I think it‟s clear, I don‟t think I‟d change anything.   

102. Interviewer: You are a mature entry student? 

103. PA-1: Yes, I came here [to this country] at 17, so I had to do high school all over again. I 

did one year of Commerce at college, but I didn‟t like the college, I found it immature, so I 

took a year off and then I came to university. I am in commerce but I want to switch to math. I 

am waiting for a decision about change of program. I was allowed to take math 205 (I took 203 

before) and I am taking MAST 217 which is a general education course as well as a math 

course, so I am allowed to take it.  

104. Interviewer: Oh, MAST 217. So you are doing proofs! Aren‟t proofs the kind of problems 

where you can‟t really verify whether you are right or wrong? How do you know you‟re right 

with a proof? 

105. PA-1: Well, yes, I guess, you can‟t really. But I think there is a certain way of doing 

proofs, you know, like you just have to know the way of doing it and then you know if you are 

right or wrong, but, I don‟t know (laughs). (symptom of procedural knowing: believes there 

exists a procedure for doing anything in math, even proofs)  

106. Interviewer: You may think your reasoning is perfectly sound but the teacher might find a 

flaw in it. 

107. PA-1: Yeah, but that‟s how you learn.  

108. Interviewer: You wrote that you find the courses mildly stressful. What‟s stressful? 

109. PA-1: Preparing for the exams. You never know what‟s going to be on the exam. There is 

a lot of material you have to cover. You can never prepare yourself for a math exam. You can 

practice, but you can never be (pause)  

110. Interviewer: Is it some kind of math exam anxiety? 

111. PA-1: Yeah. 

112. Interviewer: So there weren‟t any exams you‟d enjoy the courses fully. 

113. PA-1: I like exams, though. I like the challenge. As long as I know what I‟m doing. If I 

don‟t know what I‟m doing then it‟s not as fun, but 

114. Interviewer: Would you still study mathematics if there were no exams? 

115. PA-1: Yes, I guess, but what would be the point?   

116. Interviewer: Oh yeah? 

117. PA-1: How do you know you know something if you don‟t check it?  

118. Interviewer: OK!  So I guess that will be it for today. Thank you very much. 

119. PA-1: Thank you! That was fun. 

PARTICIPANT PA-2 

Age: over 30 

Math courses taken at the time of the interview: MATH 208, 209 (Calculus as prerequisite for 

Business School) 

Reasons for taking the courses: Admission into Business School 

Experience in courses: very enjoyable 

Average grade in the courses: 95% 

Performance on exercises: Ex. 1, 3, 5, 6 correct (67%) 

Interview after viewing the lecture 

1. Interviewer: So, what do you think about this? 

2. PA-2: It‟s not very difficult for me to understand all the details of this 

presentation. It‟s easy because I learned this in my high-school. 

Lines 2, 10: saw 

absolute value 

inequalities and 
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3. Interviewer: OK, so everything is clear, do you want to get over anything 

again? 

4. PA-2: No. Do I just write the answer, or do I need to write all the 

procedure, how I solved this problem? 

7. Interviewer: Well, you write whatever you want to use to answer the 

questions, you can write on the paper there. But can you answer these 

questions? Was this lecture very different from what you are used to? 

8. PA-2: No 

9. Interviewer:  About the absolute value inequalities, did you learn them 

before? 

10. PA-2: Yes, I learned them in [my country], in my high school; but we 

have another method to show these inequalities, we can use a function 

graph to solve this problem; in my high school we used the same method to 

solve this problem, but in our university the professor used graphs.  

11. Interviewer: So, back in high school you used the same method as we 

showed you here? 

12. PA-2: Yeah. 

13. Interviewer: OK.  

14. Interviewer: What are the courses that you‟re taking? 

15. PA-2: MATH 208 and 209 

16. Interviewer: Why were you forced to take them? 

17. PA-2: Because my [average grade] has not reached the minimum 

requirement.  

the simplified 

RBC technique 

before. 

 

Interview after solving the exercises 

18. Interviewer: Would you like to discuss the lecture? 

19. PA-2: From this presentation, I learned how to solve a problem when it contains absolute 

value inequality, but this I learned in my high school so it‟s not very difficult for me to 

understand the details.  

20. Interviewer: Did you use what you knew before? How did you solve it? 

21. PA-2: No, I think this information is also very useful, to recall all the knowledge I learned in 

high school. Anyway, I learned this maybe 15 years ago. It‟s good for me to renew it.  

Exercise 2 

22. Interviewer: So, I see you started with the intervals but then I 

see some graphs here, why? 

23. PA-2: The graph helps me to better understand, to check my 

answer. Most of them, you can check the answer by graphing 

the function.  

24. Interviewer: You did not check by plugging in some 

numbers? 

25. PA-2: Yes, I did that.  

26. Interviewer: It was correct, like when you checked with your 

graphs?  

27. PA-2: Yes. 

28. Interviewer: So, it‟s just from one to infinity? But between 0 

and 1 isn‟t it [the graph of one of the functions] also below [the 

graph of the other]? 

29. PA-2: Yeah, it‟s below.  

Line 23: symptom of 

positive Proving behavior: 

checked by graphing his 

answer obtained through 

simplified RBC 

Line 25: checked also using 

numerical testing 
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30. Interviewer: Let‟s say, if you take ½ here you get? 

31. PA-2: 5/2.  

32. Interviewer: It‟s true. So, how did you use the visual 

approach to check actually? 

33. PA-2: You can see which line (hesitates) 

34. Interviewer: So, how do you know what is the solution from 

the graph? 

35. PA-2: The same domain, while x is in this domain, the range, 

the y, which y is higher.  

36. Interviewer: This function is the one that‟s on the right.   

37. PA-2: Yes.  

38. Interviewer: You want this to be higher? 

39. PA-2: Yes, this function is x + 1, this is x – 1  

40. Interviewer: Absolute value of 

41. PA-2: So, y is here; it‟s always higher. 

42. Interviewer: Yes, but it‟s also higher from 0 to 1, isn‟t it?  

43. PA-2: No, you should compare the same direction 

44. Interviewer: Same direction? 

45. PA-2: Yes 

46. Interviewer: The same sign of the slope? 

47. PA-2: The same sign of the slope. (…) 

 

 

 

 

 

 

 

 

 

 

Lines 43 & 47: a 

misconception regarding 

graphical solutions of 

inequalities. This could be a 

symptom of procedural 

knowing: he seems to have 

memorized a procedure, 

without seeking to know the 

reasons behind it. Therefore 

he does not remember it 

well.  

 

Exercise 3 

48. Interviewer: You‟re probably studying too 

much calculus these days. This has really 

nothing to do with [the slope]. OK, now here, 

question number 3? 

49. PA-2: Here simply we can‟t use this step 

because from here we can see this is a false 

condition; absolute value is always greater or 

equal 0 but this number [–3]  is always less than 

0, so this is false. 

50. Interviewer: But you did do that.  

51. PA-2: Yes, I did, but while I checked it I said 

maybe to calculate it is a waste of time 

52. Interviewer: You realized? 

53. PA-2: Yes, I realized that it‟s very simple (…) 

Line 49: interprets the inequality as a 

condition on variables whose truth value 

depends on the values of the variables (i.e. as 

a propositional function, not as a proposition 

which is either true or false). He notices that 

this particular condition happens to be false 

for all values of x  

Line 51: Checking: positive Proving 

behavior. Noticed a shortcut: constructed 

behavior CB1. However, since he did not 

cross out his procedural solution to replace it 

by the structural one in writing, we count his 

behavior also as PB1.  

 

Exercise 4 

54. Interviewer: Here I‟m not too sure. OK, it‟s for x greater 

or equal to ½. So, this is always how you start off, then you 

used this, and then you start working on each part of the 

domain, right? I think you wrote here +2 instead of +1 

55. PA-2: Here should be 1, here should be 4. No, it‟s not 

between –2 and ½ and (pause) So in total it‟s from –2 to 3.  

Line 55: Is able to correct his 

mistakes very quickly. But it is 

obvious he did not check his 

answer in this exercise 

(negative Proving behavior) 
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Exercise 5 

56. Interviewer: And here then, you have 

between minus infinity to –2 and, yeah it‟s just 

the complement. When you got that you should 

have come back to [exercise 4], because it‟s 

like the complement: less than 5, greater than 5.  

Student repeated the procedure in exercise 5, 

without reflecting on the relationship 

between ex. 4 and 5: PB2. But, in general, he 

did not put anything superfluous in his 

solutions, just as a ritual  (CB3) 

 

Exercise 6 

57. Interviewer: You seem to have stopped drawing those intervals at this point. 

Actually did you use them at all? Did this picture help at all, the picture where 

you draw the number line help at all? 

58. PA-2: It gets more complicated when I use these intervals.  

59. Interviewer: It gets more complicated, OK. So you preferred to start like we 

discussed, with writing the cases. But you seem not to have used the function 

graph here. Could you have used the graph in number 4? You didn‟t do it, I 

just want to know why you didn‟t use the graph. You sort of helped yourself 

with the graph to check your answer here (exercise 2), but then in number 4 

you gave up this; I‟m not asking you to do this but just why you suddenly 

don‟t use it anymore.   

91. PA-2: Because you said that it‟s better to finish in 40 minutes.  

92. Interviewer: OK, you were constrained by the time. But then, I see you‟re 

doing these little computation mistakes, how do you manage that? 

93. PA-2: In my exams I usually check all my answers plugging in numbers.  

94. Interviewer: Do you prefer the arithmetic method, like plugging in numbers 

or do you use graphical method to control?  

95. PA-2: When the graph is complicated I prefer to plug in numbers, it‟s 

simple.  

96. Interviewer: In fact, if you plug in numbers here you see you might even 

miss something, so what do you think you should do here, like you see it‟s 

very easy to miss. For instance (in exercise 2) you plugged in 3 and it works 

but you missed numbers from 0 to 1. So, why do you think that it would be a 

good approach to check? 

97. PA-2: I think that sometimes I should pay more attention to details. I just 

think about what method would be more efficient to solve this problem.  (…) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Line 97: this 

student knows 

more than one 

method to 

solve a 

problem and 

therefore he 

may be 

behaving 

more like 

students in the 

VA approach.   

 

Final interview  

98. Interviewer: I just want to ask you a few questions about your background, your goals… So, 

you want to go to [Business] School, that‟s why you‟re taking the courses, you‟re forced to take 

them, and you said the courses are very enjoyable  

99. PA-2: Yeah, it‟s very interesting because here math is not a lot of formula and theory; it‟s a lot 

of applications. How to use these formulas to solve an economical problem. 

100. Interviewer: You have a lot of this? 

101. PA-2: Yes, a lot of applications in MATH 208 and 209, how to solve the cost and profit 

from a function, how to calculate the maximum profit, a lot of it it‟s associated with my future 

subject. 

102. Interviewer: OK, so you find it completely relevant. 

103. PA-2: It‟s not just very boring simple calculations, it‟s a lot of applications. 

104. Interviewer: So you didn‟t mark anything for stressful, you‟re not stressed at all. 
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105. PA-2: No. 

106. Interviewer: Is there something you did not like about this lecture? Like something you 

could improve, or (pause) 

107. PA-2: I think, I‟m not sure but now I enjoy 208 and 209 because there are a lot of practical 

examples so you can imagine how this mathematics applies to our real life; it‟s very interesting. 

So, I think maybe it‟s better to use (pause)   

108. Interviewer: More applications.  

109. PA-2: Yes, applications, examples. Because you only use some abstract examples, it‟s very 

frustrating. Real life experience it‟s better to understand this. Absolute value is very useful for 

engineering, where you learn some mechanics; the tolerance is associated with this absolute 

value. 

110. Interviewer: And what did you like most about this lecture? Did you like anything about 

this lecture?  

111. PA-2: Anyway the presentation is very good. 

112. Interviewer: Clear? 

113. PA-2: Very clear and uses simple words. 

114. Interviewer: And what kind of work did you do before, after your studies in [your 

country]?  

115. PA-2: Management. Logistics.  

116. Interviewer: OK, thank you very much.  

PARTICIPANT PA-3 

Age: 30+ 

Courses: MATH 202, 203 (College Algebra, College Calculus) 

Reasons for taking the courses: Prerequisites for MATH 204 Linear Algebra 

Experience in courses: very enjoyable, mildly stressful.  

Average grade in courses: 66% 

Performance on exercises: Ex. 1 correct; other exercises incorrect 

Interview after the lecture 

1. Interviewer: You seemed to be bothered by something on the first 

slide [Jane and Joe story]. You circled 1 > –2? 

2. PA-3: Well, I think that some abstract definitions take some time in 

my case to understand, so that‟s why I stopped at that point: what‟s 

that? And the teacher continues speaking, and I am still thinking about 

this and I miss what he‟s talking about. That was my point in marking 

this.  

3. Interviewer: But what is hard for you to understand? Is it hard for you 

to understand why ? You don‟t agree with that? 

4. PA-3: Yes, I agree, of course, but I needed some time to see the 

numbers on the space. Maybe I need to understand, looking what is 

happening. When I want to understand exactly what they are talking to 

me, I need to see the numbers on the space. Maybe this is only my 

case. Maybe some people get the point immediately.  

5. Interviewer: English is not your first language? 

6. PA-3: No, it‟s not. 

7. Interviewer: So maybe it‟s difficult to understand the numbers 

because they are not in your language? 

8. PA-3: The numbers are the same. This is one greater than minus two.  

9. Interviewer: But it is said in English. If it was said in [your language] 

Line 2: Had a lot of 

trouble following the 

lecture. It was too fast 

for him.  
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would it be quicker understood? 

10. PA-3: Yes, sure.  

11. Interviewer: So this may be a problem. 

12. PA-3: It‟s not a problem, but it slows you down.  

13. Interviewer: Here [page 2: Absolute value is the magnitude of a 

quantity] you didn‟t mark anything? 

14. PA-3: No, because it was easy to see the numbers on the number line.  

15. Interviewer: So seeing them on the number line was definitely clear 

for you? 

16. PA-3: Yes. 

17. Interviewer: Here on page 3 [formal definition of absolute value] 

you put a little arrow? 

18. PA-3: Here, I don‟t know if the problem is with the language, but in 

[my language] it would be the same. When I try to understand a, not so 

long, but a little bit difficult definition, I need to take some time, to 

read it and see for myself, two or three times.  

19. Interviewer: It‟s not easy to hear once and understand.  

20. PA-3: Yeah. 

21. Interviewer: This is recorded lecture, but if you are in class, do you 

stop the teacher? 

22. PA-3: Sometimes I do, sometimes you can ask the teacher, please, 

can you repeat? Can you explain that? But sometimes he speaks 

because he is a [native] English speaker; he is used to speak quickly. 

So you just have to adjust yourself.  

23. Interviewer: So you just take notes and then you read them at home? 

24. PA-3: Yeah. In my notes, I put a question mark, to remember I need 

to come back to it. 

25. Interviewer: On page 4 [Example 1, numerical and statement of 

Example 2, with inequality], you underlined “all”. 

26. PA-3: This is a little word but the meaning of that, for me, in this 

case, can be understood as something bigger. I stopped here, because I 

was asking, why they say “all” [in the statement of Example 2: “To 

find all numbers such that ]? What if I find only one 

number? It‟s not the same? So that stopped me a little. 

27. Interviewer: Hmm. This is an inequality here. Normally, inequalities 

have many solutions, many numbers fit.  

28. PA-3: Yeah.  

29. Interviewer: In equations, linear equations you can sometimes find 

this one number that fits. But with inequalities – many. 

30. PA-3: Mhm. That I understood. 

31. Interviewer: On page 6 [beginning of the solution of Example 2: the 

number line diagram and the beginning of the procedure], you 

underlined “Since x – 1 > 0 for x > 1”. 

32. PA-3: At this point it took some time for me to understand how the 

figure and the word explanation work, what is the relationship between 

them. So I was trying to understand what was happening in both sides. 

33. Interviewer: And it was too fast to understand the relationship. But 

finally, you understood? 

34. PA-3: Finally I understood. But it was a little bit hard in this point.  

35. Interviewer: On page 7 [statement of the three cases], you marked 

here. What is this?  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Line 26: Reflects on 

the meaning of 

solution of an 

inequality: “why they 

say „all‟? …”.  

Seems to understand 

inequalities as 

conditions on 

variables.  

 

Line 32: Seeks 

reasons behind the 

procedure: symptom 

of Proving behavior. 

The PA approach 

does not seem 

satisfactory for this 

type of mindset.  
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36. PA-3: This means “color”. Because the explanation in the 

presentation, they used colors. That was very good for me.  It helped 

me a lot. I was trying to put colors on the equations to see which 

corresponds to which. Because, as I told you at the beginning, in my 

case, I try to figure out in the space, with colors. 

37. Interviewer: So you have a kind of visual thinking? 

38. PA-3: Yes, I need visual thinking to understand better.  

39. PA-3: I already knew this stuff, but I tried to re-understand it. So 

there were two things. One – the language stopped me.  But my 

knowledge helped me.  

40. Interviewer: When you were learning absolute value inequalities for 

the first time, what was the method that was used? The same as here? 

41. PA-3: Not really. It just used the signs. Minus sign, you need to 

(pause) I didn‟t need the figures.  

42. Interviewer: No figures, just cases. But cases were considered. 

43. PA-3: Yeah.  

44. Interviewer: Here on the last page [statement of the solution of 

Example 2 and numerical testing] you didn‟t say anything. Did you 

understand everything? 

45. PA-3: Yes, because once you understand the concept, the application 

is easy. (…) 

Line 39: Vaguely 

remembers having 

seen absolute value 

inequalities before. 

Line 41: He seems to 

have learned it with 

the complete RBC 

technique.  

 

 

Interview after solving exercises 

46. PA-3: [In exercises 2-6] I tried to do whatever I 

remembered about this stuff. Try to do something, maybe 

I did not understood. Maybe I didn‟t know how to do, 

how to do it, so I just write down what I think. It was OK. 

I think it is only in the fourth problem that I just started to 

understand what I was supposed to do.  

47. Interviewer: How come? What‟s so special about this 

number 4? 

48. PA-3: Because (pause) I tried 2 and 3 and saw that it 

does not seem to be good. So I tried to find out here [in 

the lecture slides] something similar. In the notes, I tried 

to find what is the way they want me to do it. So I tried to 

separate in cases, like here in this example. 

Lines 46 and 48: Symptoms of 

Procedural Knowing: tries to figure 

out what the instructor expected 

him to do; noticed that interval 

conditions were written in the 

worked out example and started 

adding them to his solutions, as 

formal inscriptions, without 

verifying if they are consistent 

with these solutions (PB3).  

Line 48: At the same time, he 

displays symptoms of reflective 

thinking when he looks back 

critically at his solutions.  

 

Exercise 2 

49. Interviewer: So this is what you were trying to do in 2 and 3, right? 

50. PA-3: No, in 2 and 3 I didn‟t use the notes. I just used what I remembered 

from the presentation.  

51. Interviewer: OK. So here you took x < 1. 

52. PA-3: Yes, because I want to disappear the, the? 

53. Interviewer: Absolute value?  

54. PA-3: Absolute value. So that way I said, that x has to be less than –1, I 

separated in two cases. 
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55. Interviewer: Less than 1 and less than –1? 

56. PA-3: Yes, because here it is x – 1 and here it is x + 1. When x < 1, this 

one is gonna be 0. Hmmm (hesitates, remains silent for a minute) It‟s 

gonna be positive, sorry.  (he wrote  during the problem 

solving period). (Silence) 

57. Interviewer: If x < 1 then x – 1 < 0. That‟s what you were saying? 

58. PA-3: That‟s what I was thinking, but now I see (chuckles) that I was 

wrong.  

59. Interviewer: In the first line you were right, because isn‟t absolute value 

always positive or zero never mind what x is? 

60. PA-3: No, it‟s important the value of x. 

61. Interviewer: Yes, it‟s important but isn‟t the absolute value always 

positive or zero? 

62. PA-3: It‟s always. 

63. Interviewer: It‟s greater than 0 even if x  < 1. 

64. PA-3: Wait. Here I wanted to put here, I wanted to disappear, make the 

absolute value disappear. 

65. Interviewer: But you still put it.  

66. PA-3: I just wanted to mention that it‟s positive, and I don‟t need it.  

67. PA-3: And then here for x is equal to (stops, hesitates). What was I 

thinking? My point was, I was trying to get (pause) 

68. Interviewer: To get rid of? 

69. PA-3: to get rid of the (pause) 

70. Interviewer: But if this is negative, then what about the absolute value of 

this? 

71. PA-3: It‟s the opposite.  

72. Interviewer: (…) OK. (Silence) It‟s just that you didn‟t write it. You 

didn‟t, after all, get rid of the absolute value signs. 

73. PA-3: (Silence) Oh!  At this point I stopped this analysis, and I said, let‟s 

try another way. Here, in this second part, I tried to say, in the point  

what happens, in the point , what happens? So I took four points, 1, 

–1, 2, –2. I got this (silence) 

74. Interviewer: You got 0 <  2 this is true. 

75. PA-3: This is OK. 

76. Interviewer: 2 < 1 is not true. You put a cross. 

77. PA-3: Mhm. Same here. Because I thought that this way, I didn‟t know 

how to follow this initial analysis. That‟s why I tried this method. 

78. Interviewer: These concrete numbers. 

79. PA-3: Yeah. These examples, and then from these two values, I put that x 

can be 1 or 2.  

80. Interviewer: But you ended up thinking that x can be anything from 0 to 

infinity? (the solution contains “ ”) 

81. PA-3: Why did I put zero? (wonders) 

82. Interviewer: You find it works for 1 and 2 and then you claim that x can 

be anything between 0 and infinity. What makes you say that? 

83. PA-3: Because I tried to, to, to solve the equation, the inequation, solving 

mentally for numbers. First I tried with 1 and 2. And then I say, what 

happen with 0. And I try, 0 – 1 is 1, and here it‟s 1, so I said, 0 is within 

the range. 

84. Interviewer: Not exactly, because it‟s less than, so 1 is not less than 1, so 

that‟s why you are saying it‟s anything greater than 0, you left it open. 

Line 60: Seems to 

be referring to the 

idea of an 

inequality being a 

condition on 

variables (a 

propositional 

function), and not 

a proposition with 

a fixed truth 

value.  

 

Line 71: Uses the 

definition of 

absolute value 

correctly; does 

not seem to hold 

the view that –x is 

a negative 

number.  

 

Lines 73, 77: 

After 

unsuccessfully 

trying to use a 

vaguely 

remembered 

analytic method, 

he reverts to 

common sense, 

and uses 

numerical testing. 

This could be a 

symptom of being 

uncomfortable 

with procedural 

knowing.  
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85. PA-3: Open. 

86. Interviewer: But then you say x  ≥ 1, does it belong to this problem? 

87. PA-3: Yes, yes. This symbol of infinity (wonders) I don‟t remember why 

I put this. But my answer was this x is greater or equal 1. And this note I 

put later, I‟ll explain you why. 

88. Interviewer: That x can be also less than  –1.  

89. PA-3: Yes.  

90. Interviewer: Let‟s see. If x = –2, then you have (writes on paper) |–3| < 

|0|, 3 < 0. It‟s not true. 

91. PA-3: So I was wrong. I put it at the end of all the problems because 

(pause) At the end I saw that. When I am solving, I have to use some 

conditions on x greater than, etc. , so I thought, oh, I forgot the conditions, 

so I started putting the conditions here.  

92. Interviewer: Conditions on x? 

93. PA-3: Yeah. 

94. Interviewer: Where are these conditions coming from? 

95. PA-3: From the analysis of the problem. All the problems are separated in 

cases. Every case has special condition. But when I write the answer, wrote 

the answer, I forget the condition. That‟s why, at the end, I put, I circled 

the answer, but this is written later. And I start from the beginning, and I 

came back here, here I put it also. 

96. Interviewer: Without verifying the answer.  

97. PA-3: Yeah. Maybe that was mistake. Yeah, actually it‟s mistake. 

Because, as I told you, I started just writing down what was in my mind, 

when I tried to solve the second problem another way. In here (Problem 4), 

I think I started to understand what was happening here (chuckles) and 

maybe I do it better. 

 

 

 

 

 

 

 

 

 

Line 91: Noticed 

the interval 

conditions, but 

did not combine 

them with his 

results; just added 

them formally at 

the end: PB3 

(treating the 

conditions as part 

of a ritual). 

 

Exercise 4 (discussed before Exercise 3) 

98. Interviewer: So you solved an equation here, 2x – 1 = 0, x = 1/2, you 

solved it as if it was equal. Why did you need this equation? What did it 

give you? 

99. PA-3: To find what was the value of x that it start to be positive or 

negative. 

100. Interviewer: OK. The border? 

101. PA-3: The border, the border. That‟s why I used this to find the ½. 

102. Interviewer: So when x is less than ½  

103. PA-3: This is gonna be positive. So I can get without bars. 

104. Interviewer: Positive when x < ½? x less than one half, times 2, 2x < 

1, so , so it‟s actually negative, for x < ½. So it‟s not equal this 

(points to PA-3‟s solution where he wrote “for x < ½   |2x  –  1| = 2x – 1”). 

The absolute value is? 

105. PA-3: The opposite (sounds frustrated).  

106. Interviewer: Because it‟s –2x  +  1 that‟s positive  

107. PA-3: That‟s what I was thinking. 

108. Interviewer: So you should have said that for x greater than ½, this is 

positive.  

109. PA-3: Yeah. (sounds very sad) 

110. Interviewer: When you have x = ½ , you have 1 – 1, 0. and then if x is 

 

 

Line 99: Thinking 

of letters as free 

variables and of 

equations as 

propositional 

functions.  
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1, is 1 already, so it‟s positive. 

111. PA-3: Yeah, I, I (mumbles) 

112. Interviewer: You did the exact opposite here. OK! 

113. PA-3: Doing this analysis I found . So my answer was, this 

and this, this should be less than –2.  

114. Interviewer: Maybe you could use the method that was shown in the 

lecture (starts solving using the method, and gets to drawing the number 

line with ½ on it; but is interrupted by PA-3) 

115. PA-3: Let me tell you something. I didn‟t use the method from the 

presentation because I was trying to find in the presentation some 

(hesitates) some similarity, some example like this, I was saying, this looks 

like this, but 

116. Interviewer: You are looking at page 4, example 2 and you are saying 

it looks similar to exercise 3?  

117. PA-3: To all of them. They look like the example, but how you solve 

the example, it is just numbers. It‟s not the solution.  

118. Interviewer: But then it says, you can try and try but you never get 

them all, so here is a method. So perhaps let‟s try to use this method. 

119. PA-3: Well, I didn‟t use this method.  

120. Interviewer: You just stopped at the examples. 

121. PA-3: I just understood the cases.  

122. Interviewer: (continues solving the problem with the method from the 

lecture; gets to the signs in the intervals) 

123. PA-3: Now I understand. 

124. Interviewer: (continues solving; points to the mistake of not changing 

the direction of the inequality) 

125. PA-3: Mhm. So the problem was the division by –2.  

126. Interviewer: I don‟t know why you put that (“and x < ½?) 

127. PA-3: I told you, I (pause) 

128. Interviewer: OK, these conditions! But this is related to this part; if x 

< ½  then you have that. (Silence) (Finishes solving the inequality) 

129. PA-3: So I didn‟t need to put the conditions. 

130. Interviewer: Yes, for each case you had to put these conditions, but 

together, it‟s the whole interval. (Silence) Here you‟d have x < ½, right? 

And here, it‟s not only x less than 3 but also x > ½, because you are on this 

side. We are not writing it because it‟s already in the number line.  

131. PA-3: Mhm.  

132. Interviewer: So on this side you have from –2 to ½ and on this side 

you have from ½ to 3.  

 

  

Exercise 3 

133. Interviewer: So what did you do in number 3?  

134. PA-3: In the same way as the first one, I was using the number that 

would change from negative to positive the, the (pause) 

135. Interviewer: So it‟s  –3 

136. PA-3: –3. But now I include the right side of the inequation, so I use x 

greater than 1, to use both conditions in one solution.  

137. Interviewer: How many cases do you have in this situation? You take 

x > –3 and x > 1, and then what‟s your second case? 

Line 134: Tried 

solving Ex. 3 by 

applying the 

procedure, not 

noticing the 

contradiction: 

PB1 
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138. PA-3: (chuckles) 

139. Interviewer: x < –3 and x > 1 

140. PA-3: Yes. I used only two conditions with a combination of (pause) 

141. Interviewer: But don‟t you have four conditions, in general? 

142. PA-3: I only solved this one at the end. Because at the beginning I 

started doing something here, but it was nothing. So I was looking at here, 

when I was maybe in the 5
th

 or 6
th

  then I came back, but using what I 

learned here, in the 4
th

 and 5
th
. And in the 4

th
 and 5

th
, I found out that some 

combinations repeat themselves.  

143. Interviewer: They are the same so you don‟t need them all? 

144. PA-3: Right. I don‟t need to use the four cases, I said, I just need two 

cases, the combinations of the different signs. That‟s why I use only two 

cases, I solve for the combinations of the conditions, saying in this case it‟s 

gonna be positive, and I came up to this. 

145. Interviewer:    and? 

146. PA-3: Here, here, x < 0. 

147. Interviewer: x < 0? 

148. PA-3: Because of the condition. 

149. Interviewer: Two of them? 

150. PA-3: Yes. 

151. Interviewer: But, look, if you look at this line here, for x < –3 and x > 

1. Can it be? x < –3 and at the same time, x > 1? 

152. PA-3: Oh! 

153. Interviewer: It‟s impossible. 

154. PA-3: It‟s impossible. (sounds very sad) 

155. Interviewer: Could you look at the inequality again. What about the 

absolute values? Absolute value is always positive or 0. And what‟s this 

number? (reads the right hand side) 

156. PA-3: It‟s gonna be negative? 

157. Interviewer: Always negative. So it‟s impossible for a positive 

number to be less than a positive number. 

158. PA-3: (Silence) 

159. Interviewer: So it‟s a contradiction. 

160. PA-3: I didn‟t see that.  

161. Interviewer: You are immediately going to algebra (laughs) 

162. PA-3: Yeah.  

163. Interviewer: (Silence) There was practically nothing to do with this. 

164. PA-3: Just impossible. No, I didn‟t see it at all.  

Line 136: Treats 

inequalities as 

propositional 

functions.  

 

Line 142: 

Symptoms of 

reflective 

thinking. 

 

 

 

 

 

 

 

 

 

 

 

Lines 155-160: 

Could not 

formulate the 

structural 

argument by 

himself, even 

after hints from 

the Interviewer.  

 

Exercise 6 (Discussed after Exercises, 1, 2, 4, ; starts in 25:12 minute of the interview.  

165. Interviewer: (reads the solution) 

166. PA-3: Here is when I found out that I don‟t need to do the four cases.  

167. Interviewer: But don‟t you miss some cases? 

168. PA-3: But they are here. And I got the same answers.  

169. Interviewer: But, here when you divide by –51 

170. PA-3: Again I forget to switch the sign. 

171. Interviewer: (reads the solution and tries to understand) 

172. Interviewer: But let‟s look again at these conditions: x > 1/50 and x < 

–100. This is impossible. But how come? 

 

Line 166: Sign of 

reflective 

thinking. Already 

mentioned in 

Line 142.  

 

 

Line 181: Sign of 
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173. PA-3: Mhm 

174. Interviewer: So it‟s not the same case, it‟s just not good. So the only 

thing you get true is x > –91/51. 

175. PA-3: I thought it was OK, but (pause) 

176. Interviewer: So, this was not even worth looking at. So what do you 

have: x  less than this (101/49) and greater than that (–99/51) 

177. PA-3: Mmmm  

178. Interviewer: This is not necessary because it‟s actually contradictory. 

179. PA-3: Yeah. 

180. Interviewer: The only thing that matters is this and that.  

181. PA-3: It‟s very interesting to see how you get some of the mistakes, 

how you arrive at the mistakes. 

182. Interviewer: Yeah, that‟s exactly what I am studying (laughs) 

reflective 

thinking. He 

seems to engage a 

lot in reflection, 

but he overlooks 

so many technical 

aspects that his 

reflection is not 

mathematically 

effective: it does 

not lead to correct 

conclusions.  

 

Final interview 

183. Interviewer: You say you are over 30. What did you study, why did you come back to 

school?  

184. PA-3: I studied in my country (…) about 20 years ago (…) computer science. I came to 

[this country] two years ago. 

185. Interviewer: And you still want to do computer science.  

186. PA-3: I need to study some mathematics because after 20 years I don‟t have the necessary 

knowledge in mathematics. Also doing it in another language is different.  

187. Interviewer: But you have a degree from the university in [your country]? 

188. PA-3: I didn‟t get the degree. I didn‟t finish. 

189. Interviewer: So you are taking MATH 203 [College Calculus] now? 

190. PA-3: 202 [College Algebra] and 203.  

191. Interviewer: These are prerequisites for MATH 204 [Vectors and Matrices] which is a 

prerequisite for computer science. 

192. PA-3: Yeah.  

193. Interviewer: Do you think you are going to need the math you are taking in these courses 

for you future work? 

194. PA-3: What I want is to get my degree. I know that maybe I will not use math for my job. 

But I need to pass the course, do all the prerequisites. 

195. Interviewer: Do you think it is right to force people who are going into computer science 

to take 202 etc. 

196. PA-3: Yes, I think it is necessary because I know that the courses have, it‟s like a chain. In 

[my country] I did some courses in probability and statistics, they use some basic concepts from 

algebra. 

197. Interviewer: So you are convinced? 

198. PA-3: Yes, I am convinced. That‟s why I am doing the courses again. Because maybe I 

could use the certification from the sessions I did in my country, but I am not sure about the 

knowledge. 

199. Interviewer: It was a long time ago. You say that the courses are enjoyable. 

200. PA-3: Yes, I enjoy but (pause) 

201. Interviewer: But it‟s mildly stressful. 

202. PA-3: Because I have to put good effort to understand, to practice a lot. 

203. Interviewer: Do you think the courses go too fast? 
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204. PA-3: No, because I use most of the time I have at home to dedicate to the study. If you 

take your time to do the studies, it‟s fine. But if you have a job, maybe if you have little 

children, you don‟t dedicate your time, it‟s gonna be hard.  

205. Interviewer: What is it that you didn‟t like about the lecture? 

206. PA-3: It was a little fast. I wanted to stop many times.  

207. Interviewer: Was there anything you liked about the lecture? 

208. PA-3: I liked it when they started using colors. Because then I start to look at the concepts. 

In lectures teachers also highlight things, use different letters. Some concepts are extremely 

basic but some people doesn‟t stop and take their time to think, for example, when you see in 1 

is greater than  –2. That‟s pretty simple, but I stopped here because I wanted to see it how it sits 

in the real number line, what is the meaning of that. The teacher may, well, it‟s not the problem 

of the teacher, it is the problem of the student, the people have to take the time to understand 

what is the meaning of the basic ideas. Sometimes in the lecture the teacher just say quickly and 

don‟t care about what happen.  

209. Interviewer: Was this lecture very different from what you are used to? 

210. PA-3: (silence) The difference is that here it is well written, well organized. Sometimes 

some teachers they are a little disorganized. They put some numbers here, some numbers over 

there, they don‟t write well, they do it quickly and when you are looking at an x, maybe it is a 

p, or y. You have to take two or three seconds to think, is that an x? And you lose some time.  

211. Interviewer: What would you change in the lecture so that it‟s better adapted for students 

like you? 

212. PA-3: (Silence) I would have liked more clear examples. Well, we have, but (silence). No, 

the lecture is OK, I wouldn‟t change really that much.  

213. Interviewer: And what would you change in the lectures that you go to? Are there many 

mature students in the class you go to? In 203? 

214. PA-3: 203 

215. Interviewer: What would you change in the way they lecture for them to be better adapted 

for students like you, who return to study after many years. But you have studied math, so it‟s 

just re-learning, so is there anything you would advise these people to better adjust their 

teaching to people who have already seen this and are only revisiting the same material at an 

older age.  

216. PA-3: Not really. I like the lectures, I enjoy them. When I see the teacher, he is trying to 

explain something to the other people, and they don‟t understand. And I say, I understand that! 

I like that feeling! Because I knew maybe the concept before coming to the class. I came to 

relearn. And the lectures just refresh my memory. 

PARTICIPANT  PA-4 

Age: 26-30 

Courses: MATH 203, 204, 205 

Reasons for taking the courses: prerequisite, condition of admission, need the math for future 

study and future profession. 

Experience in courses: very enjoyable, mildly stressful.  

Average grade in the courses: 73% 

Performance on exercises: Ex. 1 and 3 correct. All the other – incorrect.   

 

Interview after the lecture 

1. Interviewer: You marked one spot only, page 6 [beginning of the simplified RBC solution of 

Example 2], when we show the method. 
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2. PA-4: Yeah, actually, this line, I was just finding it confusing, it was going too fast. But now I 

think it‟s OK. 

3. Interviewer: Too fast. What exactly was too fast? 

4. PA-4: Too many information right away. 

5. Interviewer: Connected with this graph? 

6. PA-4: No. The previous slide and this slide. I was finding some difficulty to follow. But in a 

later slide, I was like OK.  

Interruption during problem solving 

7. Interviewer: You are asking about this one? 

Number 3? 

8. PA-4: Yes, because I think there is no solution, 

because this is always negative and this part, left 

hand side, can be positive. So it can never be that 

(pause) 

9. Interviewer: Does that bother you, that there is no 

solution? Should every question have a solution? 

10. PA-4: No, there shouldn‟t be, I‟m just asking, 

because there doesn‟t seem to be any solution for 

this. 

11. Interviewer: Yeah, so that‟s your conclusion, there 

is no solution? 

12. PA-4: Yeah, I think so.  

13. Interviewer: OK. I am not supposed to help you 

during problem solving; I can only listen to you. I 

can only tell you if you are right or wrong after the 

experiment. 

14. PA-4: No, I am just curious, because I‟m checking, 

plugging in the numbers, and it‟s like always not 

possible. 

Line 8: Structural argument for Ex. 3; 

appears to be a symptom of Proving 

behavior. The structural argument is not 

written, however. In the written 

solution; there is only a statement, after 

analytic manipulation of cases and 

numerical testing, “No solution”.  

Line 8: The conclusion “No solution” is 

a result of his “technique” of solution 

which he considered to be complete 

RBC but was, in fact,  a confusion 

between SNT and RBC1
.   

The fact that he had to interrupt his 

work to ask the researcher if it is 

possible for an exercise to have no 

solution says something about his habit 

of relying on authority for the validity 

of his solutions., and also on the fact 

that structural reasoning did not increase 

his certainty about the validity of his 

solution.  

 

Interview after solving the exercises 

Exercise 1 

15. Interviewer: OK, so just tell me what you did, where you experienced difficulties. 

16. PA-4: The first one was easy. [Reads his solution out loud, using expressions just as in the 

lecture, “absolute value of minus 8 is 8”, etc.] 

17. Interviewer: So there was no problem with this one.  

18. PA-4: No. And for this (pause)  

 

Exercise 2 

19. Interviewer: Second exercise. 

20. PA-4: Exercise 2. First I took the negative x – 1, then I 

Line 21: “positive part of ” 

might not refer to the positive 

                                                     
1
 PA-4 seems to be confusing RBC with SNT. He starts with something similar to the complete RBC 

technique, except that he ignores the interval conditions, and then appears to treat the numbers he obtains in 

each case as “critical numbers” in SNT and tests the initial inequality with numbers around those numbers 

(e.g., when he obtains x < 0; –1 < 1  as results of his manipulation of cases, he tests the inequality with 

numbers around –1, 0, and 1). 
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get the value of x is less than 0. Then I take the positive 

part of x – 1, and for this I get –1 is less than 1. And then 

is negative x minus 1 is less than the negative part of x + 1.  

21. Interviewer: Shouldn‟t negative x – 1 be –x + 1? 

22. PA-4: Oh yes, so, in this case I get 1 < –1, which is not 

possible, so (pause) 

23. Interviewer: OK, so you reject this case.  OK, so you 

have a final answer that follows from this. 

24. PA-4: Yeah, so x will be between 0 and plus 1.  

25. Interviewer: How did you get that? From here you get x 

less than 0 but you said that this is impossible. 

26. PA-4: Yeah, because I plugged in x less than zero here 

27. Interviewer: Like what? 

28. PA-4: Minus one. So I get minus one minus one less than 

minus one plus one. So this is 2 of absolute value less than 

absolute value of 0. So it now comes like 2 is less than 0, 

which is not possible.  

29. Interviewer: So the method that you were shown here in 

the lecture, and which consisted  in separating the number 

line into three parts and so on, but you don‟t seem to have 

used this? You used another [method], like looking at 

different cases, four cases? 

30. PA-4: Yeah. 

31. Interviewer: You learned it like this before? 

32. PA-4: Yeah, the way you‟d shown here, I was confused, 

because it makes some contrast with the way I learned. So 

when I was trying to solve following this lecture, I 

couldn‟t cope.  

33. Interviewer: Did you try it somewhere? 

34. PA-4: Yeah, here. 

35. Interviewer: OK, this number line here (page 1, on the 

right). OK, so you preferred your own method to the one 

that was proposed.  

36. PA-4: Yeah, in the lecture you also tried some cases. 

37. Interviewer: Mhm. 

38. PA-4: That‟s why I thinked of it. You also took some 

cases and then you reject some.  

39. Interviewer: OK, so you saw it as similar. 

values of this function but only to 

the expression , because 

when the student says “[I take 

the] negative part of ” he 

refers to the action of writing 

. He treats the cases 

formally, as writing expressions 

on both sides of the inequality 

with pluses and minuses (he thus 

gets four cases, not three as in the 

simplified RBC).  

When he tries to use an analytic 

method for solving the inequality, 

he treats the sides formally as 

inscriptions to be manipulated 

according to conventional rules 

(which he does not always 

remember well), not as 

representing varying quantities. 

But he starts treating variables as 

representing various numbers 

when he tests the results of his 

manipulation of the cases 

numerically, by plugging in 

numbers for x.  

His “then” does not represent an 

implication; it means “next I do”. 

There are no signs of hypothetical 

thinking so far. 

Line 33: PA-4 seems to have 

learned the complete RBC before.  

Lines 37 and 39: defends himself; 

claims that he followed the lecture 

because he “took some cases and 

then rejected some”; this seems to 

be a symptom of the ritualistic 

behavior PB3. 

 

Exercise 3 

40. Interviewer: Question 3. How did you do it? 

41. PA-4: The same way as before, considering cases. (Reads 

his cases; this part is not transcribed). So I got x less than 

zero. But when I plugged in the values, the negative 

values... 

42. Interviewer: But here you get negative x less than 0. 

43. PA-4: Yes. 

44. Interviewer: So you say that x is less than 0?  

45. PA-4: Yeah, I can multiply by –1 on both sides. Then it 

comes to x less than 0. (writes: . So x  <  0.) 

Line 42: He used the same 

combination of RBC  and SNT  

that he used in solving exercise 2, 

but after the numerical testing he 

discovered a structural argument. 

He was struck by finding that 

there is no solution, and 

interrupted his problem solving 

period to ask the interviewer on 

duty in the room if some of the 
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46. Interviewer: Yeah, but I‟m not sure this is true, because 

let‟s say, you have –3 < 0; minus 3 is less than 0 for sure.  

47. PA-4: Yeah. 

48. Interviewer: If I multiply this by –1, I get minus 1 times 

minus 3 is 3, and that‟s greater than 0.  

49. PA-4: Yeah. (silence) 

50. Interviewer: You see, this is a number... 

51. PA-4: Yeah, yeah. 

52. Interviewer: When you multiply it by minus 1 

53. PA-4: Yeah, it will change the sign. 

54. Interviewer: But then you did something else? 

55. PA-4: Yeah, I plugged in the numbers, just checking, then 

what I find is no solution. 

56. Interviewer: Yeah. (summarizes what PA-4 said during 

the interruption of his solving process). 

exercises may have no solution. 

We qualify his behavior as 

containing symptoms of both 

PB1 and CB1.  

 

Line 46: Systematically forgets to 

change the direction of the 

inequality when multiplying by a 

negative number.  

 

 

Exercise 4 

57. Interviewer: So, number 4? 

58. PA-4: Number 4 I did the same. I took the positive case first, 2x – 1 <  5, 

then I get x < 3, and then the other case, negative 2x – 1 less than 5  (gets –

2x < 4, divides by –2, gets x < –2). (Silence)  

59. PA-4: OK, I did this mistake; it should be minus x is less than 4, less than 

2. 

60. Interviewer: OK, –2x <  4 

61. PA-4: Yeah. 

62. Interviewer: If you divide by minus 2, you get? 

63. PA-4: If I divide by minus 2 then x is less than –2.  

64. Interviewer: But you‟re still not changing the direction of the inequality 

here.  

65. PA-4: Yeah (sounds sad, confused). 

66. Interviewer: You divide by –2, by a negative number. 

67. PA-4: (long silence) 

68. Interviewer: OK, so just tell me what you did. So x is less than minus 2 

here, and then, what? 

69. PA-4: Then I plug in the values, to check, I mean, I am plugging –1 

(silence)  

70. Interviewer: Mhm (encouragingly) 

71. PA-4: Mmm, OK, so I tried it like this, I plugged in –3. So, it comes 

(pause) it‟s rejected, because it comes like 7 < 5. 

72. Interviewer: So it‟s not true. 

73. PA-4: It‟s not true.  

74. Interviewer: So in spite of saying that x < –2, you take something that‟s 

less than –2 and it still doesn‟t work. So what is your solution after all?  

75. PA-4: x should be between 0 and minus 3. 

76. Interviewer: Plus 3 

77. PA-4: Plus 3, sorry, yeah.  

78. Interviewer: And you plugged in something? 

79. PA-4: Yeah, I plugged in like 2, so it comes to 3<5 and it is verified, but if 

I tried plugging in like 4, then it‟s too much, so it must be less than 3. 

Lines 52, 57: 

Makes the same 

algebraic 

mistake again. 

 

Lines 63, 74: 

Claims he is 

checking his 

answers, but is 

in fact using 

numerical 

testing for the 

purpose of 

finding the 

answers (a 

combination of 

SNT and RBC).  
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Exercise 5 

80. PA-4: Number 5, I checked again these cases, then I get x is greater 

than 3, and for the negative case I get x > –2.  

81. Interviewer: So? And then you plugged in something. 

82. PA-4: Yeah. I plugged in (sounds unsure) 

83. Interviewer: What did you plug in?  

84. PA-4: Just –1. So I get 3 > 5 which  

85. Interviewer: Which is not true, so? 

86. PA-4: So x > 3. 

87. Interviewer: And this comes from this first line? 

88. PA-4: Yeah (very unsure, sounds humiliated) (Silence) 

89. Interviewer: OK, but if you got x > 3 and x > –2, so altogether x  > 3. 

So you plug in something that is not in that answer. You took 1 which is 

not greater than 3? 

90. PA-4: Yeah 

91. Interviewer: And you saw that it is not true? 

92. PA-4: Because I tried, my x is between –2 and 3. So I tried taking like 1 

which is like between these two numbers. 

93. Interviewer: But how come, because here x is greater than 3 so it‟s 

over here? 

94. PA-4: Yeah, I was just checking if this, I mean, if, if, if (pause) 

95. Interviewer: If there is something between –2 and 3 that would still 

work. Right? You have two conditions here. One is x > 3 and  x > –2. 

96. PA-4: Yeah. 

97. Interviewer: So, if it‟s greater than 3 then it‟s necessarily greater than 

–2. But you are still worried about these numbers between –2 and 3, if 

they could work? 

98. PA-4: Yeah. 

99. Interviewer: So you still check? 

100. PA-4: Yeah. I still check if 1 or something could still work. 

Because, I got two values for x, so I was trying, let‟s say, if 1 works and 

if it doesn‟t then for sure x must be greater than 3. I was just checking. 

101. Interviewer: Suppose you check just for one number but there are 

many numbers. Suppose you took 2.9. How do you know it doesn‟t work 

for 2.9? 

102. PA-4: Yeah, I don‟t know that, but, I, because I tried these numbers, 

for 2, it‟s 4 – 1, that‟s less than 5. So I think until 3 it doesn‟t work. I 

checked with 3 actually. It‟s 6  – 1 is 5 so it‟s not greater than 5.  

103. Interviewer: So you are checking the limiting points? 

104. PA-4: Yeah, limiting points.  

105. Interviewer: OK so it‟s not good for 3 but if it‟s just a little bit 

greater than 3 then it‟s? 

106. PA-4: fine. I checked 1 and then 3 its 5 > 5 so it‟s not possible. So 

for sure I can detect that x > 3. 

107. Interviewer: OK so you reject the case x > –2. 

108. PA-4: Yeah, (he crossed it out in his paper). 

Line 74: In his 

combined  SNT / 

RBC  he claims he 

is “checking the 

cases”.  This is a 

stronger evidence 

of his RBC/SNT 

technique. 

 

Student does not 

see the relation 

between Exercises 

4 and 5: PB2.  

 

 

 

 

 

 

Lines 94, 98: PA-

4‟s combined SNT / 

RBC  technique 

becomes more and 

more explicit.  
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Exercise 6 

109. PA-4: So here I see two big numbers.  

110. Interviewer: So the way you did it is like you did it before? 

111. PA-4: Yeah, the same way. From the first case I get x < 101/49. And 

in the second case (long pause), I made the same mistake here, I 

multiplied (pause) 

112. Interviewer: It should be greater than? 

113. PA-4: Yeah, it should be greater than. 

114. Interviewer: OK, never mind, never mind (seeing the confusion and 

unhappiness in the participant, the Interviewer decides not to insist on 

the mistake) 

115. PA-4: In case (iii) I get x <101/51, this is the same mistake, it should 

be greater than this. Then I look at these numbers and I see that x should 

fall, x should be more than –2 and less than plus 2. I mean just looking at 

the numbers.  

116. Interviewer: And did you check? 

117. PA-4: Yeah, I also checked here. If x is 2, then it‟s 100 –1 so 99 and 

here its 102. And if x is 3, then it‟s going to be more, big. Even 2.5 is 

big. 

Same technique as 

before, same 

algebraic mistakes.  

 

Final interview 

118. Interviewer: So you took these three courses? 

119. PA-4: Yeah, I took 203, 204 and now I am taking 205.  

120. Interviewer: And why you are taking these courses? Because they are prerequisites?  

121. PA-4: Yeah. My major is Math and Stats, so I have to take these courses.  (…) 

122. Interviewer: OK. So this is your qualifying year, in a way.  

123. PA-4: Yeah. 

124. Interviewer: And you passed these courses, 203, 204? 

125. PA-4: Yeah.  

126. Interviewer: You didn‟t say that these courses are stressful? 

127. PA-4: Yeah. Mildly stressful. 

128. Interviewer: What stresses you in these courses? 

129. PA-4: The time. I think it‟s going too fast. We should have more time to think, to practice 

more.  We are focusing on the assignments, done, done, preparing for the mid-term, there is no 

time to think, to get in-depth. 

130. Interviewer: Do you work? 

131. PA-4: No. 

132. Interviewer: And you take how many courses?  

133. PA-4: Four courses. 

134. Interviewer: What courses do you take? 

135. PA-4: Last term I took two math, one physics, and one psychology, and this time 205, 

microeconomics, psychology and the other is (laughs, embarrassed, having forgotten the name). 

136. Interviewer: Never mind. Why do you take psychology?  Do you need psychology?  

137. PA-4: No, I am taking it as an elective.  

138. Interviewer: You are interested in that? 

139. PA-4: Yes, because, I mean, I am planning for the future, if I study economics, so in 

economics there is something like rational decisions, rational behaviors, so that‟s why. 

140. Interviewer: OK!  Do they teach you in psychology the management of the decisions that 

people make?  
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141. PA-4: No, this is just introductory, elementary psychology but there are some chapters like 

rational thinking, rational behaviors, social aspects of things. 

142. Interviewer: So you are planning to work in applied mathematics, in companies that use 

applied mathematics?  

143. PA-4: Yeah.  

144. Interviewer: Not in pure math? 

145. PA-4: No.  

146. Interviewer: All right. That was an interesting experience. I hope this was an interesting 

experience for you, too.  

147. PA-4: Yeah, except that the lecture was too fast. 

148. Interviewer: So the time is a problem for you. 

149. PA-4: And on that slide there was too many information.  And the fact that I couldn‟t stop 

and ask questions. 

150. Interviewer: Normally, you‟d stop the teacher and ask questions.  

151. PA-4: Yeah. I‟d like to stop this slide and see what‟s going on. In class I could ask 

questions and sometimes the lecturer would stop and allow us to see what‟s going on on the 

board for a few minutes time.  

152. Interviewer: OK, here, we compensated for that by allowing you to use the slides when 

doing the problems. Did you use the slides? 

153. PA-4: Yeah, this one when considering the cases. I know the distance thing about absolute 

values but here it was just going fast so I just couldn‟t follow. (Ignored the formal definition of 

absolute value because he thought the distance intuition is enough; he never referred to the 

formal definition explicitly in his solutions).  

PARTICIPANT PA-5 

Age: 20-25 

Courses: 208 

Reasons for taking the courses: Prerequisite for 209 to get into Business School 

Experience in courses: mildly enjoyable, mildly stressful  

Average grade in the courses: 79% 

Performance on exercises: Ex. 1, 2, 4, and 5 correct; the rest – incorrect.  

Interview after the lecture 

1. Interviewer: Did you mark anything [on the hard copies of the 

slides]? 

2. PA-5: Yes, a couple of times when it was unclear. First one, it was on 

slide number 3 [Definition]. I think it was just the wording. If I hadn‟t 

known what the absolute value was before I got here, I‟m not sure I 

would have quite gotten it, with what‟s written here. I got stuck here. 

I know it‟s always the positive value of whatever is in the brackets. 

That helps. But I‟d forgotten my algebra, so the questions are a little 

more difficult. Let me just see what I had here. (turning pages) For 

me it was better with the concrete numbers than with algebra. 

3. Interviewer: You are looking at page 4 [Example 1, with concrete 

numbers]. 

4. PA-5: Yes. Page 5 [testing the inequality in Example 2 numerically] 

is also OK. Page 6 [beginning of the analytic solution of Example 2] 

is where it gets a little difficult for me. This way of marking the 

intervals with the pluses and the minuses that‟s (pause) I could 

probably grasp that, but the way it‟s written here, I would need to go 

Line 2: May have 

difficulty 

understanding 

conditional statements, 

and therefore not at 

ease with Hypothetical 

Thinking. Her 

preference for 

“concrete numbers” 

may suggest trouble 

with variables.   

 

Line 4: Understands 

calculations on 

concrete numbers, 

even if they are signed 

numbers.   
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see a TA, or to go see the teacher, just to get it explained a little more 

clearly. 

5. Interviewer: So you don‟t see where these pluses and minuses are 

coming from? 

6. PA-5: I have an understanding of it, but I wouldn‟t be able to apply it 

to other problems. 

7. Interviewer: How do you understand this? 

8. PA-5: Like, I can understand the corresponding signs of x – 1, so I 

understand that for every value greater than 1, which is the value 

that‟s gonna make it equal to zero, then the sign is always going to be 

positive, and therefore for anything that‟s gonna be lower than one, 

[then] it‟s gonna be negative. But for x + 2, I don‟t know why, but it 

still doesn‟t quite (pause) 

9. Interviewer: OK, so it‟s zero for what? 

10. PA-5: It‟s zero for negative 2. So for anything greater than 2, it‟s 

gonna be positive.  

11. Interviewer: Yeah. 

12. PA-5: and for anything lower than 2, it will have to be negative.  

13. Interviewer: Yeah, if you take, –3, –3+2 is negative… 

14. PA-5: It‟s interesting, „cause I just got it now when we‟ve talked it 

out, but just by looking at it and reading it, I read it a couple of times 

and I couldn‟t. 

15. Interviewer: So it‟s clear now that it‟s negative. 

16. PA-5: Yes, it‟s clear. And this [diagram with number line and signs] 

is a little bit better. 

17. Interviewer: But it‟s the same thing as [on the previous page]? 

18. PA-5: It is, but, for some reason, it looked a little bit better. 

19. Interviewer: Out of a sudden it clicked? 

20. PA-5: Yeah. And the bottom of page 7  [combining the results of the 

three cases] where you are summarizing the cases, I am not sure what 

happened with these negatives and positives,  for the case one, case 

two, case three. I‟ve never seen that before.  

21. Interviewer: Well, the definition on page 3 says that the absolute 

value is equal to the number itself if the number is positive or zero, or 

it‟s the opposite of the number when it is negative. So now if you 

apply it not to just x but to let‟s say, x – 1 and x + 2, it‟s like, instead 

of x you put x – 1 or x + 2, but you still have to take the opposite if its 

negative. 

22. PA-5: OK.  

23. Interviewer: Let‟s say we take x < –2, this is the first case, and in 

this case both these expressions are negative, so in order to get their 

absolute value, you have to take the opposite. 

24. PA-5: OK. 

25. Interviewer: So that‟s where these minuses are coming from. 

26. PA-5: OK.  

27. Interviewer: The original inequality was with absolute values. So 

now the absolute value is equal to the opposite of the number because 

we are in the case where both are negative. 

28. PA-5: OK. So we are trying to get rid of the absolute value brackets 

so that we can put in their true values… their true signs.  OK.  

29. Interviewer: So in this case, between minus 2 and 1, one is negative 

Appears to have 

difficulty 

understanding that the 

pluses and minuses 

refer to the values of 

the expressions in the 

absolute value 

brackets.  

Line 8: Appears to see 

x  as assuming varying 

values, according to 

which the value of the 

whole expression 

varies accordingly: 

understands letters as 

variables.  

Symptoms of 

Hypothetical 

Thinking/conditional 

reasoning: implicit 

if… then statements 

 

 

 

 

Line 20:  Not clear if 

she has a problem 

understanding how the 

signs in the diagram 

are then used to decide 

about the form that the 

inequality takes in 

each case (this is how 

the interviewer 

interprets her question 

on the spot) or if she is 

only unsure about the 

way the results of the 

cases are combined at 

the end. She does refer 

to the “bottom” of the 

slide and to 

“summarizing the 

cases”, which suggests 

that the latter 

interpretation is 

accurate. However, the 

interviewer suspected 

that her difficulties 

started earlier, and she 

is only not quite aware 
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and one is positive so you put the negative sign for this one… 

30. PA-5: Right 

31. Interviewer: And plus for that one.  

32. PA-5: OK.  

33. Interviewer: And in the third case both are positive so there nothing 

really to do because both are positive and plus doesn‟t change the 

sign. Then you just do algebra. 

34. PA-5: Right. 

35. Interviewer: So you transform it to make it simpler, where (pause) 

You get rid of the brackets, you don‟t want to have brackets. So if 

you have a negative sign before the brackets, you change all these 

numbers to the opposite. So it‟s minus x plus 1, not minus 1. And here 

it‟s –x – 2. And you do so for each. You just transform it, to get rid of 

the brackets first.  

36. PA-5: Right.  

37. Interviewer: And then, as usual, you put things on one side, and do 

such things as are usually done with inequalities. But you still have to 

remember this [points to the first column in the first table on page 7], 

x < –2 and this, this and that, this and that. But these are cases, so it‟s 

this OR that OR that.  

38. PA-5: That‟s a lot better. It helps. 

39. Interviewer: So you simplify things, right? And then you combine 

those. And I don‟t want to go over that again (pause) 

40. PA-5: No, I get it now.  

41. Interviewer: So you just think about what these numbers represent 

and that‟s it. So it‟s better? 

42. PA-5: Yeah. 

43. Interviewer: Did you have any questions about the last page  [p. 8, 

numerical testing of the answer to example 2]? 

44. PA-5: No, it‟s much better for me when it‟s, you know, numbers 

when I don‟t have to think about them in abstract terms. So I get this, 

it‟s not a problem.  

45. Interviewer: So now you have these problems to think about if you 

want. Take your time… 

46. PA-5: Sure. But, just out of curiosity, is there another way of doing 

this? „Cause I don‟t remember doing it this way, sort of plotting it out 

on a number line before all (pause)  

47. Interviewer: Oh yeah. We are actually having three approaches.  

48. PA-5: OK! 

49. Interviewer: So when a student comes we use approach one, then 

approach two, then approach three… 

50. PA-5: (Laughs). 

51. Interviewer: And we see which one is better, and most students like 

it. 

52. PA-5: I was just wondering if there was a revolution in math since 

the time I was in high school. 

53. Interviewer: No, there are many ways, this is one of them. 

of them (she 

mentioned having 

trouble understanding 

the definition of 

absolute value).  

Line 25: The 

interviewer‟s 

interpretation is 

confirmed here.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Line 44: Repeats her 

preference for concrete 

numbers over 

expressions with 

variables.  

 

Line 46: Didn‟t see the 

RBC method before.  
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Interview after solving the exercises 

54. Interviewer: OK, tell me what you did.  

Exercise 1 

55. PA-5: Well, [exercise 1] was mental math: 7–56 is –49, the absolute value of that is 49, 16–24 

is –8, the absolute value of that is 8, 8–49 is –41, the absolute value of –41 is 41.  

56. Interviewer: And you are sure that this is correct? 

57. PA-5: I don‟t think so, my mental math is atrocious. 

58. Interviewer: But suppose that your calculations are right, you‟re sure that the absolute value 

is well applied? 

59. PA-5: Yes.  

Exercise 2 

60. Interviewer: You did something on this page, it‟s like a 

draft of [exercise] 2 and 3 and then you crossed it out? 

61. PA-5: Yes, because I didn‟t quite figure out, like we 

were discussing before on page 7 and 6, I couldn‟t quite 

figure what to do with the interval, like I could get where 

the values for a given value is greater than 1, such and 

such inequation is going to be positive, I didn‟t figure out 

how to apply this into the algebra, like we were showing 

in page 7 where you got the three cases to consider, the 

inequality then becomes, and then is simplified.   

62. Interviewer: Did you have problems with the 

representation? 

63. PA-5: Yes, and that was before we spoke 

64. Interviewer: Before we spoke? OK, this is your page 1, 

to keep the order, and then this is where you started? So 

this is your page 2, on page 2 what did you do? 

65. PA-5: I followed step by step what was shown in the 

PowerPoint presentation. So I took case 1 as x  <  –1 and 

I figured out where was positive and negative and I 

simplified.   

66. Interviewer: You wrote a minus in front of both in that 

case. Were you imagining the number line in your head? 

67. PA-5: I think it was there actually 

68. Interviewer: It was here, so you just used that one from 

page 1, OK, I see now. And? 

69.  PA-5: So that one showed me that both have a negative 

sign in front, so I added that in and I simplified. The same 

thing for case 2; –1 less than x and x is less than 1; I 

found that to be positive in one case and negative in the 

other, so I added those signs where they fit and then I 

simplified. And then in case 3 (is interrupted) 

70. Interviewer: Which one is negative? Between –1 and 1. 

71. PA-5: So it‟s negative-positive 

72. Interviewer: Yes, because this is only positive when x > 

1 (pause) negative (pause) positive, OK, yes, and? 

73. PA-5: And then I simplified that out and I did the same 

with case three which is always positive for x greater than 

Lines 61, 65, 69: unable to take 

into account the interval conditions 

(symptom of negative Hypothetical 

thinking behavior). She just 

formally applies the pluses and 

minuses “in front”; obtains correct 

forms of the inequality by 

following the procedure formally. 

The interval conditions are written 

in her solution once, at the 

beginning but they are not taken 

into account as conditions. They 

play more a ritual role (they 

appeared in the Example 2 in the 

lecture) – so this could be a 

symptom of PB3.  

 

Line 65: symptom of procedural 

knowing. 

 

 

Line 73: marks the result 0 < 0 

with the symbol of the empty set; 

doesn‟t state it is a contradiction. 

Doesn‟t call it a contradiction here 

either.  

 

Line 77: She may be a Procedural 

Knower, but there is something 

akin to proving behavior here: the 

student justifies her actions by 

reference to algebraic rules. This 

may not qualify as “theoretical 

thinking” yet, but, in terms of 

Chevallard‟s praxeology model, 

her personal praxeology contains a 

partial theoretical block: there is a 
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1 and then I simplified that, so I went further and I took 

the simplified version of  case 1 which has all the 

negatives multiplied into the brackets and I solved that 

algebraically and I got 0 < 0 which I didn‟t think has any 

implications here, and then I took the case 2, the 

simplified version and I came up with x > 0/–2, so x < 0. 

74. Interviewer: So, what did you do here? 

75. PA-5: I took the simplified version.  

76. Interviewer: –2x on the left? 

77. PA-5: I had to get x alone, divide by –2 and every time 

you divide by negative you switch the sign around. And 

because anything with numerator 0 ends up being 0, you 

get x > 0   

78. Interviewer: I don‟t understand how you get this from 

that, zero divided by whatever is zero, isn‟t it? (…) OK, 

and the 3
rd

 case 

79. PA-5: The 3
rd

 case gave me a denominator zero, which 

can‟t exist, so that‟s right out, so the final answer that I 

got is that this absolute value inequality is true only when 

x > 0.  

80. Interviewer: And again, I will ask you this question 

over and over again: how do you know that this is 

correct? 

81. PA-5: I will plug back and check for a value that‟s less 

than zero.  

82. Interviewer: And you got? 

83. PA-5: Doesn‟t work, –1–1 is –2, the absolute value is 2 , 

–1+1 is 0, so 2 is not… 

84. Interviewer: Less than 0. Which number did you 

check? –1, right? 

85. PA-5: I did it mentally.  

86. Interviewer: Did you check anything else? 

87. PA-5: No. 

“technology” in her praxeology. 

 

Line 79: She got the right answer 

by chance, making some lucky 

algebraic mistakes or incorrect 

reasoning in cases 2 and 3; then 

she considered two of the cases to 

contain contradictions even 

without taking into account the 

interval conditions, and she kept 

the one that did not contain a 

contradiction; it happened to 

simplify to . Her technique 

therefore was also (like PA-4) 

influenced by previous experience 

with SNT2
.  

 

Line 81 (& 85): Looks like a 

symptom of Proving behavior – 

she checked her answer by 

numerical testing – but the testing 

could be part of her RBC/SNT 

technique.  

 

Exercise 3 

88. Interviewer: So that will be [exercise] 3, and here? 

89. PA-5: OK, the same deal, did the number line for each case, 

so I added the negatives where needed, I simplified them and 

I ended up with x is greater than 1. 

90. Interviewer: OK, in case 1 you have x > –1 , case 2 : x > 1, 

Line 89: Symptom of PB1. 

Lines 91, 95, 99, 105: She got 

 in case 1,  in 

case 2, and (making a 

computational mistake: 

                                                     
2
 PA-5‟s technique consisted in testing the cases somewhat like the intervals marked by the critical 

numbers in SNT: they were “tested”, first, for internal consistency (if there was an inconsistency, the case 

was rejected), and, if the case was internally consistent, it was tested numerically (a number satisfying the 

condition was plugged into the given inequality; if the result was true, the case was kept; if not – it was 

rejected). If only one case was left: its result was stated as the answer. If more than one case was left, all 

results were stated, without any logical connective between them; sometimes two results would be 

combined but not based on conscious application of logical connectives (see PA-5‟s solution of exercise 3). 

This technique was also found in TA-1. In Exercise 2, PA-5 had the situation of all cases except one to be 

internally inconsistent.  
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so what did you conclude from this ? 

91. PA-5: Because I took the largest value that x has to be 

greater than. So because x has to be larger than 1 and it has to 

be larger than –1, –1 is included in (pause) (This amounts to 

taking the conjunction of the results of the cases) 

92. Interviewer: Except that it can be this or that: x can be 

greater than –1 or greater than 1. You‟re thinking that is 

should be greater than –1 at the same time? 

93. PA-5: My thinking was that: here is one, so if x has to be 

greater than 1 and –1. 

94. Interviewer: It‟s not “and”, you see what I mean?  It can be 

this or that, or other things, so when you say “or”, it doesn‟t 

mean that it has to be at the same time greater than 1 and 

greater than –1 , it can be one or the other, and therefore if 

you just say x > –1, this is OK, because when x > 1, it is still 

greater than –1. Let‟s look at this, what you wrote here: the 

case where x < 1/2. What did you do with it? 

95. PA-5: I don‟t know what to tell you because my algebra it‟s 

not up to speed. Math was never one of my strongest subjects, 

I kind of work to (pause) 

96. Interviewer: OK, was that your final answer [regarding 

problem 3]? 

97. PA-5: It was.  

98. Interviewer: It was, OK. How, did you check this? 

99. PA-5: I don‟t remember; I might have plugged a few 

numbers into original. 

100. Interviewer: You don‟t remember now. 

101. PA-5: No. It‟s very frustrating. 

102. Interviewer: What is frustrating? 

103. PA-5: This method. It‟s seems like a lot to take it all at 

once, if you mess up one part of the stage and everything else 

is thorough, so if I incorrectly stated that x + 3 for values 

greater than 1 is negative, then that messes everything up. 

Who knows;  maybe I messed up here saying it is positive.  

104. Interviewer: Now you‟re sort of thinking that you might 

have been wrong. That this is not correct. Why? Is it because 

something I said? 

105. PA-5: No. It just seems to be. I don‟t think this was the 

right answer, just because x < ½  didn‟t seem to fit with x 

having to be > 1 and things like that. I didn‟t know what to do 

with it. Anyway I never heard any mention of dealing with 

multiple answers for values of x. So, part marks! 

106. Interviewer: Part marks (laughs). OK, let‟s try 

something then; x > 1, how about taking 2? 

107. PA-5: 2 + 3 it‟s 5 [mumbling] so 5 is not less than –3, so 

that doesn‟t work. 

108. Interviewer: OK, let‟s take something less than ½. 

109. PA-5: OK, we take 0 [calculating] so 0 is less than –3.  

110. Interviewer: 0 is less than –3.  

111. PA-5: I‟m sorry, it‟s not (pause) 

112. Interviewer: So you‟re just writing below now 0 + 3.  

divided 4 by 2 and got 1/2 ) 

 in case 3. For reasons 

unknown,  she rejected the 

result of case 3 (she couldn‟t 

explain it in the interview, see 

Line 95; suggested that she 

might have plugged in some 

numbers, Line 99; then in Line 

105, she mentions that she saw 

it as inconsistent with x  > 1). 

She combined the results of 

cases 1 and 2 and got  as 

if taking a conjunction of the 

two conditions, but, in fact, she 

justified it by the rule, “I took 

the largest value x has to be 

greater than” (Line 91). If she 

were taking conjunction of the 

cases consciously and 

consistently, she would have 

obtained an empty set as a 

solution when taking the 

results of all three cases into 

account.  As she says in Line 

105, she never had been taught 

to “deal with multiple answers 

to x”, which probably means 

she never was taught the logic 

of reasoning by cases.  

 

Line 101: No wonder PA-5 is 

frustrated. She is a good 

student in her math courses 

(average of 79%, B+) and she 

was confident she would do 

well on the exercises, and she 

feels disappointed in her 

expectations.  

 

 

Line 105: The source of her 

failure could be that she is 

trying to learn the procedure 

and follow it conscientiously, 

justifying each step with some 

rule but not grasping the 

reasons behind the reasoning 

as a whole. The PA approach 

would not help her in figuring 

out those reasons.   
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113. PA-5: I really have to see it to be able to do it, my mental 

math is atrocious. So that also isn‟t true, 3 is not less than –3. 

114. Interviewer: OK, so let‟s try –100 [laughs] 

115. PA-5: (writing). So, that‟s also not true cause 97 is not 

less than –303.  

116. Interviewer: So where the solution must be? If you took 

100 instead of –100 would that make it any better? 

117. PA-5: (writing) 

118. Interviewer: You‟re hesitating before writing –3. 

119. PA-5: Yes. 

120. Interviewer: Why? 

121. PA-5: I don‟t know (pause) I have to deal with it step by 

step, I have to write out each step, even when it should be 

mental math. 

122. Interviewer: OK,  –3 times 99. 

123. PA-5: It still doesn‟t (pause) 

124. Interviewer: So it is something that doesn‟t work 

anyway. Why doesn‟t it? 

125. PA-5: (sighs) I‟m really not sure. Perhaps the value 

that‟s true for doesn‟t exist or it‟s between a range that I 

haven‟t narrowed down.   

126. Interviewer: All right, you seem to get always a 

negative number on the right, is there a reason for that?  

127. PA-5: Oh, it‟s cause we‟re always getting the absolute 

value of whatever, so it doesn‟t matter if it is positive or 

negative value of x that we put in, cause always it will end up 

being negative, because of the negative in front of the 3. So it 

will be never.  

128. Interviewer: Suppose we discovered this now, so the 

answer would be? 

129. PA-5: There‟s no solution.  

130. Interviewer: If you discover that your answer is 

incorrect, are you interested in knowing where your error 

was?  

131. PA-5: I think probably my error was that I wasn‟t 

considering – 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Line 127: Performs the 

structural reasoning after a hint 

from the interviewer. But it 

takes the interviewer a long 

time to make her see this. She 

was too concentrated on the 

procedure.   

 

 

132. Interviewer: My question is would you be interested, if you were doing this alone, and 

discovering there is no solution, to go back and look at all this algebraic work you did to find 

the error, would you or would you not? What are your habits, in general, with verifying your 

solutions? 

133. PA-5: I usually do. Especially when it is something out of the textbook where you only 

have the answer, the final answer and you don‟t have the work, which has to be done to be able 

to check it, so I often have to check my solution. 

134. Interviewer: Do you just do it from scratch or do you look at (pause) You go back over 

your work, that‟s what I‟m asking. 

135. PA-5: Sometime I go back if it‟s necessary, usually. If there are no solutions I would have 

to get back over my work „cause I couldn‟t very well plug in every number and just see it that 

there is one that works. I have to be sure that my algebra and my math is correct. 

136. Interviewer: Is it only because the answer in the book is saying something different than 

what you got that makes you revise your solution, or?  
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137. PA-5: Occasionally so, sometimes I come to the final stages a question and it‟s just not 

gonna feel right.  

138. Interviewer: Feel? 

139. PA-5: In finance, like when you calculate interest 3% for three months and you have 3 

hundred dollar for a 10 dollar investment 

140. Interviewer: It doesn‟t make sense.  

141. PA-5: Exactly, it doesn‟t seem to make sense, that‟s a warning sign, so in those cases I go 

back and occasionally I just pop up a negative when it should have been positive. Things like 

that, forgetting to carry, etc., but otherwise it‟s going through the problems on the book, doing 

as many as I can always checking the answers. When I get it, great, then I don‟t I have to go 

back and check the work, or in exam I‟ll try and check the work as much as possible during the 

latest stages but if I were doing it as a test I would be more concerned with trying to complete 

the whole test first as completely as possible and then I‟m going back and then checking.   

142. Interviewer: In math do you get this kind of feel? In finance you say it doesn‟t make 

sense, practical sense, but do you have this kind of feel in math? 

143. PA-5: Sometimes.  We had one when it was 0 divided by –2, and wherever I see 0 as 

numerator or denominator I say, hold on, I‟d better go and make sure this is legitimate, not my 

mind trying to trick me into a quick-and-dirty answer that happens to be wrong. It‟s little things 

like that.  

144. Interviewer: Gives you a clue that something is probably… 

145. PA-5: Things like getting three different answers for the same problem like has occurred in 

problem number 3 on page 3. 

Exercise 4 

146. Interviewer: OK, number 4 I think. So here, what 

did you do? 

147. PA-5: So here I only did the number line for –  

and not for the 5, because 5 is always 5, and then I found 

where it is negative and where it is positive, I added the 

negative where they needed to be and then I simplified 

them, solved for x, I got x > –2 and x < 3 and then I 

checked my work.  

148. Interviewer: You checked your work.  

149. PA-5: I checked my work for this one „cause that‟s 

one that I wasn‟t sure felt right.    

150. Interviewer: You substituted –1  

151. PA-5: So I substituted –1. Three does end up being 

less than five so that works. And then, for the second one 

x < 3, and substituted 4, hold on [writing], so that doesn‟t 

work because 7 is not less than 5. 

152. Interviewer: Why did you plug in 4? Should be less 

than 3. It‟s something out of range, so it‟s actually 

confirmed. 

153. PA-5: You see, those are the kind of troubles that I 

have; I really have to be focused when I‟m doing math.  

Line 147: Formal treatment of 

expressions rather than application 

of the definition.   

The expression “then I checked my 

work” may refer here to PA-5‟s 

“technique” combining SNT and 

RBC (see the relevant footnote 

above). She was checking if the 

results of her cases are consistent 

with the initial inequality (since 

they were internally consistent). 

This hypothesis is confirmed in 

Line 149, where it is explicitly 

mentioned that she checked one of 

the conditions because it didn‟t 

“feel right”, not their combination. 

In Line 151, she says explains how 

she checked the result of her 

second case.  

 

Exercise 5 

154. Interviewer: And here in [exercise] 5? 

155. PA-5: And then 5 it‟s the same deal except 

being greater, it‟s reversed. So same thing, I 

Line 155: Noticed the relationship between 

exercises 4 and 5 and did not re-draw the 

number line diagram: CB2; but  re-did the 
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was able to use the same number line as in the 

case before, so I just solved for x in those cases 

and then I checked. They both ended up being 

true.  

156. Interviewer: OK.  

algebra by solving the linear inequalities 

(PB2). Kept results of both cases, because 

she checked them BOTH and verified they 

are true.  

 

Exercise 6 

157. PA-5: Number 6, I took as far as I could go  

158. Interviewer: You did not finish… 

159. PA-5: No, because I couldn‟t, part of it was a problem 

with the number line I found, ‟cause when x is 0, 50 times 0 

is 0 – 1, so for x zero it is negative but 50 times…. hmm, I 

don‟t know. OK, yeah „cause 50 times 1/50 

160. Interviewer: OK, this is still negative until 1/50 and then 

it is positive, and then you just took?  

161. PA-5: So, for case number 1, when x is less (pause) 

162. Interviewer: You seem not to have case number 2 

[ ]? 

163. PA-5: No, because I didn‟t know (pause).  I thought 

there were some values of x that would be positive and some 

that would be negative in that interval, so I didn‟t quite know 

what to do with that.  

164. Interviewer: (…) For all x‟s between –100 and 1/50 this 

is negative and for all these numbers x + 100 is positive  

165. PA-5: You see, for me I can see that but only with a 

visual aid like this, in a method like this I have to go through 

all the steps, I can‟t  (pause) 

166. Interviewer: Skip anything? 

167. PA-5: I can‟t skip anything because my mental math 

skills are not complete enough for me to be able to do this 

and still come up with (pause) 

168. Interviewer: So, there‟s kind of lack of certainty that 

you have.  

169. PA-5: This helps a lot with certainty because this is also 

a way to check my work. We saw, I think it was number 2, I 

used the number line that was on another page. I like to have 

everything nice and neat. I need everything out there  

170. Interviewer: OK, wait a minute, what did you get here, x 

> 101/49, and here it‟s less? 

171. PA-5: That‟s why I went back and I checked over again, 

just to make sure that I hadn‟t any sort of mistake 

somewhere. 

172. Interviewer: And you checked it again, all right; this is 

this case where x < –100. (…) You are given a case where x < 

–100 and you get a result that x should be on the right side. 

Well, that can‟t be. So perhaps there is no contradiction 

between these two because this is just impossible to get given 

the x‟s that are there.  

173. PA-5: So it contains one of the contradictions that you 

 

 

 

 

 

 

Line 163: Seems to be 

confused by the fact that the 

interval in case 2 contains both 

negative and positive numbers; 

this confusion could be 

attributed to her not 

understanding of the 

relationship between the 

technique and the definition of 

absolute value. The PA lecture 

does not make that explicit.   

 

Line 165: She keeps repeating 

how she has to follow all the 

steps (even in mental 

computation), be focused; this 

suggests that she doesn‟t have 

much to hold these steps 

together, such as a reasoning in 

which one step would logically 

follow from the other. Rather, 

what keeps her steps together 

is an effort of memory (see 

Lines 173, 175) and mental 

concentration on the 

memorized steps.   

 

Line 171: She obtained 

contradictory results in cases 1 

and 3 and she seems to have 

noticed that and this was the 

reason why she stopped there 

(see Line 175).  
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speak of at page 7 in PowerPoint. OK, I think I abandoned, 

it‟s like I was saying before, there are so many things in a 

method like this to remember, I think I just sort of abandoned 

the concept of contradictions.  

174. Interviewer: (…) You noticed the contradiction 

[between cases 1 and 2], though? 

175. PA-5: That‟s why I decided I was finished with this part 

of it. But that‟s when I realized I was leaving out one step. I 

mean it‟s exactly like I was saying before, if you miss one 

thing that‟s it, it‟s over. Fortunately, a teacher gives part 

marks; I know there‟s no part marks in the real world; if I 

missed it later on there‟s more marks than if I missed it 

earlier on, so it‟s better in some cases but not as good as 

getting the whole question correct, which is what I‟m 

shooting for, but didn‟t quite get there this time around. 

176. Interviewer: All right, you simply gave up I think; here 

you‟re not checking by just plugging in some numbers, 

you‟re simply doing (pause)? 

177. PA-5: No, I just wanted to check because it seemed odd 

that I would get the same value for x just greater than and less 

then, so I wanted to make sure I didn‟t make a mistake in 

choosing which side I brought the variable, things like that. 

That‟s going back to what we were talking about having the 

sense of some things that are not right. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Line 177: In checking her 

solutions she concentrates on 

possible local procedural 

algebraic mistakes but has no 

control over the solutions as a 

whole, because of deficiencies 

in her systemic thinking. 

 

Final Interview 

178. Interviewer: I have a few questions to ask here. So you‟re a young person and you‟re 

taking 208 because it‟s a prerequisite and you still have 209 to get into Business School 

179. PA-5: I still have to take 209, I‟m taking this in the June-August.  

180. Interviewer: Because in [college] you didn‟t take any calculus?  

181. PA-5: No, I hadn‟t planned to go in anything that required more math. 

182. Interviewer: You didn‟t plan to. 

183. PA-5: No, I‟ve studied liberal arts, I‟ve planned to do something like that I guess and then 

I‟ve sort of changed my mind. 

184. Interviewer: What are liberal arts? 

185. PA-5: Liberal arts it‟s like English, Philosophy, History, a little bit of everything. 

186. Interviewer: Yeah? Why did you decide to abandon this? Because of the lack of jobs? 

187. PA-5: That was actually a great concern. There are a lot of interesting careers that are more 

financially motivated, so I‟m looking for something that is going to provide me with economic 

security. You really have to go into one of the professions for one of that. I like money, so it 

works nicely with finance.  

188. Interviewer: But in high school, did you take math? 

189. PA-5: I took MATH 536 . 

190. Interviewer: That‟s the highest? No, I think it‟s MATH 546. 

191. PA-5: I think so, I think 546 is precalculus. 

192. Interviewer: Yes. 

193. PA-5: So I took the one that doesn‟t do that. It was 536, Algebra and Trigonometry (…) 

194. Interviewer: And what made you discouraged from taking more math at the college? 
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195. PA-5: I originally applied into the sciences, however it seemed like a lot of work that I was 

clearly not doing very well in; MATH 536 in high school, I passed but I did not get a 70%, so I 

had to redo math 536 before coming to university, when I realized that I wanted to be a 

financial adviser. I had decided I was not good in math, and it became a sort of self-fulfilling 

prophecy. Now I realize it‟s nothing, that it‟s really just my own immaturity and not [inability]. 

You know, just making sure that I understand it and so on, that‟s helped tremendously. 

196. Interviewer: You were not choosing liberal arts because you were interested in that but 

just because you were not feeling [good at math]? 

197. PA-5: Pretty much, it was a combination of both. The liberal arts are extremely interesting 

and for someone who has absolutely no idea what they want to do, to be shown that wide 

variety of things it‟s fantastic; I‟ll never regret it. But there comes a time when you want to sort 

of go in one direction. I always liked sciences, I always liked math, and chemistry and so on 

and so forth. I had originally decided I wanted to go into chemistry but there aren‟t too many 

jobs where you get remunerated decently, to go into chemistry or math and things like that, not 

at the level that I want to be earning. So finance was, I suppose, basically (pause) 

198. Interviewer: OK, talking about the courses that you are taking now, they are mildly 

enjoyable, why just mildly? 

199. PA-5: Well, it‟s a nice class. I think [the reason why] why I put “mildly” instead of “very” 

is because going to class doesn‟t seem to have much value for me, I‟m one of those people who 

unless is being sort of spoon-fed taught
3
 (pause), so  the teacher is not going through everything 

very, very thoroughly. Like I find the courses in universities for math and pretty much anything 

are basically a review of what you are supposed to go over in the textbook. I find that having to 

go to class for a review of things that I‟m supposed to be teaching myself can be beneficial 

sometimes, when having trouble with a particular concept but otherwise it can be a waste of up 

to 4 hours of time including the travel. I think that‟s why I‟m sort of (pause). You know it‟s fun 

in everything but at some point I am wondering whether or not my time is being used in the 

best way, „cause for me to sit down and study for 4 hours and do problems for 4 hours, take 

notes and understand the textbook for 4 hours is one thing, and for me to be in class where it‟s 

really going over the concepts that I already taught myself it just seems like a waste of a big 

block of time. 

200. Interviewer: What would make it worthwhile for you to go to classes? How would you 

imagine a class that would make worthwhile spending these hours in traffic? 

201. PA-5: That‟s interesting „cause the liberal arts that was a big part that if you went – and the 

math and sciences I did a little bit, and the math classes in college – if you missed the day, you 

were behind. It was really, they really sort of hold your hand through it, they really taught the 

material instead of telling you what you are you being expected [to know]. (…) 

202. Interviewer: Were you doing more problem-solving in college in math classes? 

203. PA-5: We did a lot, it was every day; I took an intensive summer course. So 6 weeks but it 

was every day, it was 3 or 5 hours, I can‟t remember. So we would go over all of the concepts 

and we would do that in class, take notes in class, cause we did not have a textbook per se, we 

had a problem book, and then we would do some of the problems in class and then we would 

go home and do 50 problems for homework every night. It was an intensive class.  

204. Interviewer: Were you discussing together, were you working in groups?  

205. PA-5: No, it was more the teacher in the class, but you can always ask a question, but the 

concept about a problem that we were doing, we would go over the homework problems, things 

like that. So it was really a lot more, I think, support. 

206. Interviewer: You were getting more feed-back on your own solution?  

                                                     
3
 PA-5 seems to be used to procedural approaches, where students are taught step-by-step techniques and 

taken by the hand in learning to follow them. See also Lines 201, 209.  
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207. PA-5: I think so, yes. Like I said, in the textbook, they would often just show you the final 

answer, while in class we would go through the process of getting that answer. If you missed up 

a part of the thing, the process of getting there, you just couldn‟t go back and fix what was 

wrong and get the final answer, that‟s OK „cause you know that the next day in class you are 

going to go over it. 

208. Interviewer: When you talk about spoon-feeding, were your teachers in high school or 

college perhaps giving you some kind of tricks to remember something like the FOIL method? 

209.    PA-5: Absolutely, there was a lot of that, in fact, especially in the college in terms of 

math 536 retake course the emphasis was on – there were no clue sheets, a lot of calculators but 

it couldn‟t be graphic calculators – the emphasis was really on getting you to use the tricks to 

be able to do these yourself; be presented with any problem and using the method that you had 

to be able to come with a decent solution. 

210. Interviewer: And the teachers here at university are they giving you enough tricks? 

211. PA-5: You know, that‟s interesting because I don‟t find that they are teaching the material, 

they‟re just going over it. Whatever tricks are in the book, then I‟m learning from the book and 

that‟s the tricks I learn. I‟m taking online courses as well and I‟m in that a lot more because I 

don‟t have to spend the time traveling, it‟s essentially a waste [of time], or not a waste but it 

could be better used.  

212. Interviewer: The online course that you‟re taking is what? 

213. PA-5: It‟s personal finance. So, we have a textbook and fortunately at this level the 

textbooks are very good, there is also an online discussion forum that if we don‟t understand 

the concepts we have our peers and our TA‟s and our professor who can help us with some of 

that. 

214. Interviewer: Online, right? Online you post the question and then you get answers from 

your peers just as well from the… 

215. PA-5: Or you do it yourself. I have a friend who‟s in law, so sometimes I go and see her, 

my father is very good in math so sometimes he can help me out, things like that (…)  

216. Interviewer: Is it true that the time is the highest stressor for you? A source of frustration, 

you feel like you go to class and there is nothing that you could use, it‟s a waste of time and 

then you are really frustrated with it. What‟s the biggest frustrating factor for you in learning 

math?   

217.  PA-5: I don‟t think that‟s so much that I mind doing math for 4 hours, I think it‟s just the 

frustration of your being expected to go to class because traditionally students had to do that to 

succeed; certainly in my own experience and now that‟s not quite true anymore; in fact in some 

cases it may be detrimental. If I went to the class, that one I skipped for the midterm, I would 

have lost 4 hours of problems. You know, I left everything to the last minute so it was all 

crammed which is my fault but it was certainly more beneficial to me to not go to class and just 

teach myself from the book, which is what is expected of us anyway. So I think the frustration 

is in putting in the time to go to class and making that effort and not having the sort of a reward 

at the end. It‟s like being a doctor and working at McDonald‟s. You put in all the time and 

you‟re getting minimum wage, you know; you‟re getting something but it‟s not what it could 

be. 

218. Interviewer: About these lectures that you were telling me about. What would you change 

in them? Perhaps you are very happy with it, but if you weren‟t totally happy with it, what is it 

that you would change? 

219. PA-5: I‟m not totally happy, I would change the fact that it is a review and I would focus 

in more on the concepts and, I would like to be taught the concepts. 

220. Interviewer: And you are not. 

221.  PA-5: Yes and no, I mean we are expected to have taught ourselves the concepts 

beforehand and then come to class and we‟ll do some problems about it just to make sure 

everybody understands. 
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222. Interviewer: The definition it‟s not a concept for you? 

223. PA-5: No, the definition is the concept, so pretty much everything up until the last page, 

page 9 is something that I would expect to have to teach myself from the textbook, which is 

something (pause) 

224. Interviewer: This is not enough for you, this type of talk, the introduction, the motivation?  

Because let me tell you what the intention is: here it‟s just the notion of absolute value, you‟re 

not interested in the direction of change but in the magnitude of change. So, this is the 

motivation of the concept and here is how you can formally define it, So, it is not assuming that 

was known before, yet you have the feeling that if you didn‟t know what the concept of the 

absolute value is before, this would not be enough for you to understand it. 

225. PA-5: Right. Which is why, cause you see if this were my textbook and it happens on 

occasion I just don‟t get the concept, I would like that concept to also be taught by the teacher, 

because sometimes all it takes it‟s just working it out and talking it out with another person, 

being able to ask questions, you know, why the negative x, it says that it‟s negative x but there 

is no explanation for it and (pause) (did not understand the definition of absolute value; did not 

take the lecture as giving an explanation of the “negative x” in the definition).  

226. Interviewer: OK, so you were bothered, this was not a sufficient definition here; negative 

x is a problem for you. 

227. PA-5: Theoretically, yes, it wasn‟t there, you know. 

228. Interviewer:  Explaining the why‟s of the definition? 

229. PA-5: Yes, like in page 6, page 7.  

230. Interviewer: OK, if I haven‟t talked to you then you would be lost? 

231. PA-5: Yes, I could work it out for my own, I would probably go to the internet for 

resources or you know come to see a teacher or things like that, I would have worked it out 

eventually on my own but for a student like me it‟s more efficient to go to class if they are 

going to go over it, instead of just applying this concept that I may or may not understand 

because I had to go over from the textbook before going to class and then doing the problems 

and then doing the problems on a concept that I don‟t understand. And then you don‟t want to 

be the only one to say well, can we go over this thing, they are already supposed to know and I 

feel like an idiot for not knowing it, and things like this; nobody wants to ask the stupid 

question, you feel stupid for asking and not getting it. 

232. Interviewer: In spite of being also spoken, there‟s too much of linearity here, like one line 

after the other, it‟s more like a text; without perhaps the gestures that link to (pause). I‟m just 

trying to understand what a teacher in class would do better than what was here. 

233. PA-5: When I was actually watching the PowerPoint presentation, I did not get to the 

bottom to concepts on page 6, so I marked it. If we were in class I would have raised my hand 

and said, “ I don‟t get it, can we go on from there?” This way, I have to go to the rest of the 

textbook, the lecture, not having that basis before. So, it‟s like not knowing how to add and 

then asking you to multiply.  If you mess up early on it‟s worse than if you mess up later on, 

cause then you don‟t have the basic concept that the more advanced concept is based on. 

234. Interviewer:    Let‟s say, if this was online – the lecture – you would stop it? 

235. PA-5: Yes, I would stop it, I‟d post a question on the discussion board, I might come see 

my TA during office hours but that would be all that I would need.  

236. Interviewer: OK, I think this is it, thank you.  

 

PARTICIPANT PA-6 

Age: 29 

Courses: MATH 208, 209 

Reasons for taking the courses: prerequisite for Business School  

Experience in courses: mildly enjoyable, mildly stressful.  
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Average grade in the courses: 95% 

Performance on the exercises: All answers correct.  

 

No questions after the lecture.  

Interview after solving the exercises 

1. Interviewer: So what did you find difficult, frustrating? 

2. PA-6: I think in question 3, I made it too complicated. I 

don‟t need to solve it, because just from the definition I can 

know that there is no answer for this one. I didn‟t think it 

over, I just followed the steps and solved it. And about 

number 4 and number 5, they just opposite. If I read this, I 

think I can directly get answer because this is just the other 

part. But I am not sure if I can write like this, so I just follow 

the routine step. In all these questions I was a little confused 

where I should use the equal sign.  

3. Interviewer: So you actually followed these procedures in 

all your solutions? 

4. PA-6: Yeah. 

5. Interviewer: Have you ever seen these inequalities before in 

your life? 

6. PA-6: Yeah. 

7. Interviewer: Was it the same method or something 

different? 

8. PA-6: (Silence) I think it‟s the same. But it was a long time 

ago, I can‟t remember exactly but I think it‟s the same way. 

It was in high school, more than 10 years ago in [my 

country]. During my university life I never studied any 

mathematics course.  I studied education, to become an 

English language teacher. (…) 

9. Interviewer: You are saying here [in the questionnaire] that 

the courses you are taking are mildly enjoyable. Why not 

very enjoyable? 

10. PA-6: I don‟t know, maybe because this is a prerequisite 

course, not my major course. I just take it as a tool, I don‟t 

take it as (pause)  

11. Interviewer: If you were given the choice not to take 

these courses, you would not take these courses? 

12. PA-6: I would put more emphasis on my major courses, 

accounting, and business courses. 

13. Interviewer: You think Calculus is not very relevant to 

business? 

14. PA-6: Yeah, I think it is relevant, that‟s why it‟s 

required. 

15. Interviewer: But you think it‟s a tool. 

16. PA-6: Yeah, it‟s a tool. 

17. Interviewer: So you are not terribly interested in that? 

18. PA-6: Actually, I am interested. When I attend lectures 

in mathematics I feel good. I am interested in calculating the 

problems, the questions. I like the mathematics course. But 

Line 2: Reasoning from the 

definition. She did not write 

the structural argument, 

however, nor did she present it 

orally in more details; just 

mentions that the lack of 

solution follows from the 

definition. She therefore 

displayed constructed 

behaviors CB1, CB2 orally in 

the interview, but procedural 

behaviors PB1 and PB2 in her 

written solutions. What she 

said suggests that in writing 

she was concerned with 

following the “didactic 

contract”.  

Her written solutions had no 

ritualistic behaviors, so she 

displayed CB3.  

In the same line she said she 

“was confused where [she] 

should use the equals sign]. 

She thus displayed a subtle 

analytic sensitivity to 

mathematical language: she 

was the only one to be 

bothered by a certain lack of 

coherence in the simplified 

RBC  technique presented in 

the PA lecture: If the definition 

as given is strictly applied then 

the three intervals, marked by 

the numbers, say,  

should be (Case 1): ; 

(Case 2): ; (Case 3) 

. Instead, in the lecture, 

Case 2 was stated as 

.  
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not very strongly, just mildly.  

19. Interviewer: And what‟s stressful in these courses?  

20. PA-6: Most part of the courses is new for me, so it‟s a 

little (pause) but after I solve some questions, I can master it.  

21. Interviewer: So you are stressed when you don‟t 

understand? 

22. PA-6: Most of the time I can understand the stuff during 

class. Actually, I seldom do questions after class. I use time 

during the class efficiently. So after class, at home, when I 

study, I seldom do mathematics. But just before 

examination, I will study sometimes. 

23. Interviewer: So you will learn everything during the 

course? 

24. PA-6: Yeah. Almost. 

25. Interviewer: How about homework? Do you have any 

homework? 

26. PA-6: Yeah, but the homework is just do by yourself, it 

is not required to hand them in. 

27. Interviewer: So you don‟t do them? 

28. PA-6: If one section is difficult for me, I‟ll do it, but if I 

can understand right away, I won‟t do it.  

29. Interviewer: When you solve a problem, how do you 

know you‟re right? Especially that there‟s no marking. How 

do you know?  

30. PA-6: (Silence) 

31. Interviewer: Are you making sure it‟s good? 

32. PA-6: I think when you do the mathematics problem and 

you are on the right track, you have the feeling that you‟re 

on the right track.  

33. Interviewer: (…) Many people have the feeling they‟re 

right yet they get their answers wrong. 

34. PA-6: Sometimes, when it‟s wrong, you will get a 

conflict, a contradiction. Actually, when I do some 

problems, I want to compare the answers, to make sure I‟m 

right.  

35. Interviewer: Here, when you were doing these problems 

did you check your final answers? 

36. PA-6: Yes, I would choose a number in this area and 

test, check the answer. 

37. Interviewer: You did that? 

38. PA-6: Yeah. In heart, not write down.  

39. Interviewer: The lecture you listened to, was it very 

different from what you are used to, the way it was 

presented, aside from the fact that it was Power Point? 

40. PA-6: I think it is almost the same. In class the professor 

also give you some example. They just, they didn‟t explain 

you the theory, they just give you example: “after the 

example you will understand what I am telling you, the 

definition”.  

41. Interviewer: So there is no theory, just here is an 

example, here is how you solve it.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Line 36 (38): Symptom of 

Proving behavior: checking 

answers by numerical testing, 

looking if there is no 

contradiction (Line 34).  
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42. PA-6: I also think this is an effective way. Actually, 

earlier this semester I met – I think it was a 209 professor – 

his way of teaching was totally different from other 

mathematics teachers. He put more emphasis on explaining 

the theory. And the most strange thing was that he‟d write 

down everything in words. Normally, in mathematics, the 

teacher never writes the words, just the symbols, but he 

wrote everything in words. So in class we just took down the 

words. It was like a book, a lot of words to explain. And I 

don‟t think this way of teaching is good for me, so I changed 

to another professor. 

43. Interviewer: Also you like the symbolic way? 

44. PA-6: Yeah, yeah, I think mathematics is not literature. 

45. Interviewer: Was it the writing that was bothering you, 

or the theory, the fact that he was justifying everything. 

What is it that you didn‟t like, words or the theory?  

46. PA-6: No, we spent most of the time, just writing, no, 

not writing, copying, so you don‟t have the time to think and 

to understand. So that‟s what was not good. (…) 

 

Line 42: Preference for the 

symbolic language over natural 

language in mathematics: 

suggests tendency to engage in 

Analytic Thinking in 

mathematics.   

 

 

 

 

 

 

 


