The Procedural Approach (PA) lecture slides

A LESSON ON ABSOLUTE VALUE

Jane and Joe are measuring
the Circumference of a dime

with a string.

e ———
Jane‘ S result is: 55 mm |HH‘H\\|\\II‘IHI‘HHlHH|HII‘\HI‘\IHlHHr\\I‘\H\‘\\I\‘IHI|\IH|H\\‘HH‘IHI|HH|HH
Joe's result is: 58 mm oz 3 4 5 6 7 3§ "ﬂ‘
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Tom Knows the true length of the CirCumference: 56 mm.
He calculates the difference between the true length
and the measurements:

56-55=1 56 - 58 = -

He says: Since 1 > -2 theh Jane made a bigger mistake than
Joe. Do you agree with Tom?
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Sometimes we are hot interested in knowing
whether a measurement was less thah or greater than
the true Value but only in the MAGNITUDE of the difference.

We call this maghitude THE ABSOLUTE VALUE of the humber
obtained as the difference.
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The absolute Value of 2-1is equal to 1.
The absolute Value of 2-¢ is equal to 2.

|2-¢ ] =1|-2| =2 =the opposite of -2 = -(-2)
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In general, the absolute Value of a humber X is defined as
equal to X for X >0,
and equal to -X for X < 0.

Ags for the humber zero, we decide that |o| = o.

Symbolically, we usually write this definition as follows:

X if x>0

X if x <o

Thus, the absolute Value is hever hegative;
it is positive or zero.

¢ | |PA-3
We apply this definition to CalCulate absolute Values of concrete
numbers, and to simplify expressions with letters involving
absolute values.
Here are examples.
Example 1.
To calculate the Value of the expression | |-7+5|-|12*2-¢] |
||-7+5]-|22*x2-¢||=  |l-2|-]20]|  =]2-20] =|-18] =18
Example 2.
To find all humbers x such that [x-2 | < |x+2|
BB PA-4
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Example 2 - continued

We wish to simplify the expression
|x-1] < |x+2|
5O that we are able to identify all humbers X for which this inequality is true.

We can try to guess some numbers £or which this inequality is true.

Letstry x=5
[5-21 <|5+2|
4<7

This is true.
So the inequality [% - 1| < [x +2| holds for x=5.

How aboutx=-3 ?
|-3-2| < |-3+2|
4] < |-
4<1

This is false.
So the inequality does not hold for X = -3.

PA-5

Example 2 - continued

Since there are infinitely many humbers, it is not possible to find all humbers x for which the
inequality |% - 1| < |x +2| istruejust by guessing.
We need a systematic way of finding all these numbers in a finite time.

Here is a method.
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On the humber line,
mark the humber for which x -1 =0, i.e. the humber 1;
mark also the number for which x + 2 = 0, i.e. the humber -2.

Consider now the intervals (- infinity, -2), (-2, 1] and (1, +infinity)

Below the intervals, write, in one row, the corresponding signs of X - 1.
Since x -1 > 0 for X > 1, the signs are negative in the intervals (-infinity,-2) and (-2, 2).

1In a second row, write the signs of X + 2 in these intervals.
gincex +2> 0 for x> -2, the sigh is negative only in the interval ¢-infinity, -2).
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Casel Case ] Case 111
We have three Cases to consider. + Theinequality |x-1 | < |% + 2| becomes: T We sitmplify the inequalities
i
Casel: %<2 i (%-1 < X+2) L x+lcx-2
i
i
i
Casell: 2 <X< 1 i X-1) < H(X+2) PoX+1<x+2
! 1
i
Caselll: x>1 i HX-D < HX42) DoX-1cx+2
i -
-

We summarize the Cases:

S Y

Casel: X<2 and 1<-2 * Case ] contains a contradiction, SO we reject it. [}
i
Casell: -2<%<1 and -1<2x ' Casellis equivalent to -1/2 <X <1
i >
i . .
Caselll: x>1 and -1<2 ; Case 111 is equivalent to X > 1. —
i
+
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So, altogether, the inequality [X-1| < |x+2| isequivalentto xX>-1/2.

PA-7

We concluded that the inequality
[%-2]<|x+2|
is equivalent to X >-1/2.

Now let’s test our solution.

Let’s plug ih some humber greater thah -1/2 back into
the initial inequality and see if it’s true.

Let’s take X = -1/¢
|-2/4 - 1| =5/¢ |-2/¢ +2 | =7/¢
5/¢ < 7(¢

This is true, SO our result is probably correct.

PA-8
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Exercises
1. Calculate: | |26-2¢] - | 7-56] |
In exercises 2- 6, solve the given inequality
2. %1 | < |x+1|
3. |%x+3] <-3|x-1]
4. |2%-1]| <5
5. |2%-1| >5

6. [50%X —1| < |% + 100|

Thanhk You for your attention!
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The Theoretical Approach lecture slides

A LESSON ON ABSOLUTE VALUE

Jane and Joe are measuring
the Circumference of a dime with a string.

-

—_—
Janen S resu“: is: 55 mm |HH‘\H\|\HI‘IHI‘HH|HH|IHI‘H\I‘\IH|\II\|H\I‘HH‘\\I\‘IHI|\IH|H\\‘HI\‘IHI|HH|HH
Joe's result is: 58 mm e 912‘
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Tom knows the true length of the CirCumference: 56 mm.
He calculates the difference between the true length
and the measurements:

56-55=1 56 - 58 = -

He says: Since 1 > -2 then Jane made a bigger mistake than Joe.

Do you agree with Tom?

Sometimes we are hot interested in Khowing whether a measurement was
less thah or greater thah the true Value
but only in the MAGNITUDE of the difference.

We call this magnitude THE ABSOLUTE VALUE of the humber
obtained as the difference.
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[2-2]< [2-4
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The absolute Value of 2-1is equal to 1.

|2-1]=]1]=1

The absolute Value of 2-¢ is equal to 2.

[2-¢]=]-2]| =2=the opposite Of -2 = -(-2)

TA-1
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The notion of absolute Value of a humber
is an abstraction from the context of comparing
the maghitudes of measurement errors

which involves CalcCulating the absolute values of differences between
humbers .

But when we write, for example,
[7] or 7]
we really mean,
|o-2)| or |o-7]

both of which are equal to 7.

We can say that the absolute Value of 7 is equal to itself,

and the absolute Value Of -7 is equal to the opposite Of itself: -(-7)

TA-3

In general, the absolute Value of a humber X is equal to X for X >0,
and to -X for X < o.

As for the humber zero, we decide that |0| = 0.

Symbolically, we usually write this definition as follows:

X if % positive or 0

-X if X is hegative

Thus, the absolute Value of a humber is hever negative;
it is positive or zero.

TA4
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We apply this definition to CalCulate absolute Values of concCrete numbers,
and to simplify expressions with letters involving absolute Values.

Here are examples.

Example 1.

To calculate the Value of the expression ||-7+5|-|12%2-¢| |

||-7+5]-|22%2-¢||= ||-2]-|20]|] =]2-20| =|-28] =18

Example 2.

To find all humbers % such that [X-1| < [x+2|

Solution of Example 2

is on next page Q’\

TA-5

Example 2 - continued
We wish to simplify the expression % -1| < [x +2]|
SO as to identify all humbers X for which this inequality is true.
e can try to guess some humbers for which this inequality is true.

Letstry x=5
[5-2] <|5+2]

4<7
This is true.
So the inequality |x -1| < |% + 2| holds for x =5.

How about x =-3 ?
[-3-1] < |-3+2]
[4] <1

4<1

This is false.
So the inequality does not hold for x = -3.

TA-6
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Example 2 - continued
Since there are infinitely many numbers, it is hot possible to find all humbers x
for which the inequality |x - 1| < [x + 2| is true just by guessing.
We heed a systematiC way of finding all these humbers in a finite time.
Let’s reason, using the definition.
X—-1 forx-12>=0

[x-1] = There are 2 Cases for each

(X-1) forx—-1<0 absolute Value in the inequality...

X+2 forXx+2>=0
Ix+2] =
“(X+2) forx+2<0

... SO We have four Cases altogether to consider.

1.%1 >0 ahd X+2 > 0 and X—1<X+2
2.%X1>0 and X+2<0 and X —1< (X +2)

3.X1<0 and X+2 >0 and —(X-1) <X +2

¢.%1<0 and X+2<0 and —(X—1) < -(X +2) §

TA7

1.%1 >0 ahd X+2 > 0 anhd X —1<X +2
2.X1>0 and X+2<0 and X —1< (X +2)

3.%1<0 ahd X+2 > 0 and (X —-1) <X +2
4.%1<0 and X+2 <0 and —(X—1) < -(X + 2)

We can simplify these conditions:
1.X>1 ahd X >-2 and -1< 2
2.X>1anhd X<-2 ahdX—-1<-X-2

3.X<1 anhd X > -2 and X +1<X+2

4.X<1 and X<-2 ahd X +1<-X-2
Simplifying further, we get:

1.X >1
2. Contradiction, SO we Cah ighore this Case

3.X<1 anhd X > -2 and -1<2X

4. Another contradiction, so we ighore this Case, as well

TA-8
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We are left with two possible cases

1.X >1

3.X<1 and x> -2 and -1<2X
Condition 3 is equivalent to -2 <%X<1ahd -1/2 <X

Which simplifiesto  -1/2 <% <1

go, altogether, -1/2<X<1 Or 1 <X

This can be combined into a single condition:

-1/2 < X

TA-9

We concluded that the inequality
[%-2]<|x+2| *)

is equivalent to X >-1/2 .
We proceeded logically from the definition.
So, if we didn’t make any Computational mistakes, this should be
correct. But Computational mistakes are always possible.

Let us test the result by plugging some humbers greater and smaller
thah -1/2 bacCk into the initial inequality.

Let’s take X = -1/¢ Lets take X = -1
|24 - 1| =5/¢ |14 +2 | =7/¢ [2-12]=2 [-1+2] =1
(*) becomes  5/¢ < 7/¢ (*) becomes 2 < 1
This is true, This is false,

as predicted by our solution. as predicted by our solution.

The compatibility of these examples with our solution
inCreases our confidence that ho computational mistakes
have been made.

TA-10
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Exercises
1. Calculate: | |26-2¢| - |7-56] |

1n each of the following exercises, find all Values of X
for which the given inequality is true

2. %1 < |x+1]
3. % +3| <-3|%-1|
4. |2%-1| <5
5.|2%-1| >5
6. |50% —1| < |% +100]|
Enjoy the Challenge!

Thahk you for your attention.
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The Visual Approach lecture slides

golving inequalities
with absolute values

« We start by the idea of using graphing to
compare functions

* Next, we introduce the concept of absolute
value

* And, finally, we learn how to solve inequalities
with absolute value

N

Graphing a function

fX) = 2*% - 1

VA-1

VA-2
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Exercise: To find the Value of a function from its graph
F
f2) =3 5 ¢
) =
f@ 1 5 )P
t
f2.5) =0 B
3 1 /
0 H d >
<1 - :
A
rd
pd ’
e
/ -
4
¢ | [VA3
F
FX)=2% -1 8 =B X +[1 £ L
F(X) = 8(X) FOr X = ¢(3
For X <4(3, Ff(X) <8(X)
for X > 4/3, £(x)>g(x) 3
W3 >

Y

Comparing the values of two functions, by looking at their graphs -
p 9 y ¢] grap [@ VA-4
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ALESSON ON ABSOLUTE VALUE

Jane and Joe are measuring the
circumference of a dime with a string.

[

————

Jane' s result is: 55 mm

Joe's resultis: 58 mm Tql Tol Ty Tq Vs Tl 7 Tgl Tol o
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Tom knows the true length of the circumference: 56 mm.
He calculates the difference between the true length

and the measurements:

56-55=1 56 - 58 = -2

He says: Since 1 > -2 then Jane made a bigger mistake than Joe.

Do you agree with Tom?

VA-5

Sometimes we are not interested in knowing whether a measurement was
less than or greater than the true value
but only in the MAGNITUDE of the difference.

We call this magnitude THE ABSOLUTE VALUE of the number obtained as
the difference.

| ] |
I | I I I 1
4 1 0

vV

o
N

w

~—

2-1]< |2-4]

The absolute value of the difference 2 -1 is equal to 1.
[2-1]=11]=1

The absolute value of the difference 2 -4 is equal to 2.

[2-4]=|2|=2

2 = the opposite of -2 = -(-2)

VA-6
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In general, we define the absolute value of a number x as equal to x for positive
numbers x, and equal to the opposite of x for negative numbers x.

As for the number zero, we decide that |0] = 0.

The absolute value of a number is thus never negative.

We can think of the absolute value of a number as a function,
defined as follows:

X if x is positive or 0

X if x is negative

Here is a visual representation of this definition, using the number line:

A\

o
=
.
°
~

w

»

12l=-(2)=2

The absolute value of a positive number is equal to itself.
The absolute value of a negative number is equal to its opposite.

Fx) = [%]

8= [%-1]
h) = %+ 2]
Kx) 5 [2% - 1]

Y

Graphing absolute value functions

VA-7
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Exercise: Find all values of x for which |x - 1| < |x + 2|
'y

F(x) =[x~ 1]

8 =[x +2|

/2
From the graph, it is easy to see that

f(X) = 8(X) forx=-1/2
FX) < (X)) FOrxX>-1/2

VA-9

Suppose it is not so easy to see from the graph
for what values of x the values of one function are less than the values of the other one.

What does one do in such cases?
We can use reasoning and algebra.
Let's look again at the inequality |[x-1]|<|x+2]|.

(@ [|x-1]=x-1 forx-1 =0
(b) |x-1]=-(x-1) forx-1 <0

(€) x+2|=x+2 forx+220
(d) x+2|=-(x+2) forx+2<0

So we have 4 cases to consider:

(@) &(c): forx=1&x=-2, the inequalityisx—1<x + 2

(@) & (d): forx =21 & x < -2, the inequalityisx —1 <-(x + 2)
(b) & (c): forx <1 & x = -2, the inequality is —(Xx — 1) < x + 2
(b) & (d): for x <1 & x < -2, the inequality is —(x — 1) < -(x + 2)

VA-10



Owner
Text Box
VA-9

Owner
Text Box
VA-10


Solving the inequality | x-1|<|x + 2|, continued

(@) & (c): forx=1 & x =-2, the inequalityisx—1<x+2

(@) & (d): forx =1 & x < -2, the inequalityisx — 1 <-(x + 2)

(b) & (c): forx < 1 & x = -2, the inequality is -(x — 1) < x + 2

(b) & (d): for x <1 & x < -2, the inequality is —(x — 1) < - (x + 2)

Simplify
(a) & (c): for x = 1, the inequalityis —1< 2
(a) & (d) contradiction
(b) & (c): forx < 1 & x = -2, the inequality is x > -1/2
(b) & (d) contradiction

-5 -4 -3 -2 1 0 1 2 3 4 5

X >-1/2
Exercises
1. Calculate: ||116-24] - |7-56]|

In each of the exercises below, find the values of the number x for
which the given inequality is true

2. x-1]<Ix+1]
3. |x + 3| <-3|x - 1]
4.12x - 1| <5
5.12x -1|>5

6.150x - 1| < |x + 100|

Thank you for your attention!
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