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An old problem 

Complaining that mathematics teaching is…  

 … cookbook, recipe-based 

 … compartmentalized  

 … procedural 

and students learn mathematics without 
understanding 



A new solution  

 Make clear “what we mean when we 
exhort students and teachers to develop a 
„deep understanding‟ of particular 
mathematical ideas” (PT) 

 Develop “a precise enough 
understanding of goal understandings 
to afford effective lesson design” (MS) 

 Plan teaching to support “learning 
trajectories” marked by essential 
understandings (JC) 
 



The voice of the sceptic on duty 

What guarantee do we have that, this time, 
it‟ll work? 



After all, the debate about 
mathematical meanings has been 
going on for years 

 Freudenthal 

 Vergnaud 

 Brousseau 

 Chevallard 

 Steinbring 

 Hanna 

 Semadeni 

 … 

 

 



… hasn’t it been alive also in 
America? 

 Brumfiel 

 Denton 

 … 

 

 



What effects has it had on the 
practice of teaching? 

 

 



A “learning by example” approach 



Meaning is chopped into typical tasks and linearly 
ordered into a sequence of learning objectives  



Memorization of procedures is facilitated by 
catchy acronyms not by reasoning 

FOIL 



The educational engineer of 1960-80s was 
laying “curricular tracks” for students 



Durnin, 1982: Engineering science 
of instruction 

“A performance objective is a description of the desired 
behavior a learner exhibits after instruction or practice.”  

The description should contain: 
1. a statement of the initial situation (or what in psychology is 

called the stimulus or stimulus condition) 
2. a verb that indicates operation or change 
3. indication of or criteria for the appropriate response. 

Example: 
“Presented with a problem of the form 

 

𝑎
−𝑏
−

      

where a > b are two whole numbers, the student subtracts 
them giving the difference.”   

                                                                  
(Durnin, 1982: 5)   



Confrey et al, 1982+28: Constructivist science 
of instruction 

“We believe that the learning objective for a 
trajectory should be stated in the form of a well-
constructed standard – a mathematically precise 
target carefully chosen to link to a big idea.” (p.10) 
The objective is a description of the desired 
understanding a learner exhibits after instruction 
or practice. 

 

The description should contain: 
1. a statement of students‟ initial understanding 

2. an outline of a learning trajectory 

3. a formulation of the target understanding 



Confrey et al, 1982+28: Constructivist science 
of instruction 

Example: 

Beginning with children‟s experiences in fair 
sharing, the equipartitioning learning trajectory 
should lead children to “generalize that a objects 
shared among b persons results in a/b objects per 
person, applying strategies based on both the 
distributive property and ratio reasoning, and 
asserting their equivalence.”  (p. 10)  



The constructivist educator now wants to 
design “learning trajectories” for students 



Plus ça change, plus c’est la même 
chose… 



Speaking from the perspective of 
the sceptic on duty… 

What effects can the new strategy bring… 

 … given the nature of understanding… 

 … and the surrounding culture? 



The American culture 

 The culture of the ready-made 



The American culture 

 The culture of fast food 



Chen-Bo Zhong & Stanford E. De 
Voe 

 “You are how you eat: Fast food and 
impatience”, Psychological Science (in 
press) 

 



Culture has an impact on how you 
think 

 “Can the sentimental brand association of a logo be so 
powerful that it inspires consumers to take actions 
they might not have otherwise intended to take? 
According to a new University of Toronto study, even a 
subliminal glimpse of a fast-food logo can make a 
person more impatient and impulsive with money.” … 

 The stronger the brand "personality," the stronger the 
association, Mr. Zhong said. In the case of fast-food, 
logos from popular chains such as McDonald's 
promote associations with fast food - namely, notions 
related to immediate gratification and to saving 
time…. „Fast food seemed to have made people 
impatient in a manner that could put their economic 
interest at risk,‟ the study concludes.” (Shaw, 2010) 

 http://www.financialpost.com/news-
sectors/marketing/story.html?id=2939959#ixzz0lx3es
KgF 
 

http://www.financialpost.com/news-sectors/marketing/story.html?id=2939959
http://www.financialpost.com/news-sectors/marketing/story.html?id=2939959
http://www.financialpost.com/news-sectors/marketing/story.html?id=2939959
http://www.financialpost.com/news-sectors/marketing/story.html?id=2939959


The American culture 

 The culture of power 

 



The American culture 

 The culture of success: 
 
Teaching for academic success, not for 
understanding 

 



The culture of mathematics 
teaching 

 A culture of extrinsic motivation and 
pedagogical tricks in teaching mathematics 



The “Stand and Deliver” culture of 
mathematics teaching 

 A glimpse into this culture can be gleaned 
from American movies about exemplary 
teachers. 

 Example: “Stand and Deliver”, a movie 
about Jaime Escalante (1988)  



“Stand and Deliver” 

 Jaime Escalante (1930-2010) 

  



What made Escalante a great teacher, 
according to the movie “Stand and 
Deliver”? 

 Caring for students, respecting them, believing in them 
 Extrinsic motivation: Motivating students to work hard for 

the social and economical benefits their degrees will bring 
them later in life 

 Vivid metaphors to give meaning to mathematical concepts 
◦ Fractions: chopping an apple, dressed up as a cook 
◦ (-2) + 2  : you dig a hole in sand and then you fill it with the same 

sand 

 Memory tricks that help to find correct answers to typical 
examination problems; shortcuts 
◦ Multiplication tables for times 9 on fingers 
◦ “Each time you see brackets, you multiply” 
◦ Chanting in chorus: “Minus times minus is plus” 
◦ Tabular integration: “tic-tac-toe” 

  



The finger trick for times 9 tables 

  



The finger trick for times 9 tables 

  
3 × 9 = 27 



The finger trick for times 9 tables 

  

𝑛 − 1 ∙ 10 + 10 − 𝑛 = 9𝑛 



Tabular integration by parts:  
 the “tic-tac-toe” method 

  𝑒𝑥 ∙ cos 𝑥 𝑑𝑥 

 
signs Derivatives of 

cos(x) 
Integrals of 𝑒𝑥 

+ cos(𝑥) 𝑒𝑥 

- −sin(𝑥) 𝑒𝑥 

+ −cos(𝑥) 𝑒𝑥 



Tabular integration by parts:  
 the “tic-tac-toe” method 

  𝑒𝑥 ∙ cos 𝑥 𝑑𝑥 

 

signs Derivatives of 
cos(x) 

Integrals of 𝑒𝑥 

+ cos(𝑥) 𝑒𝑥 

- −sin(𝑥) 𝑒𝑥 

+ −cos(𝑥) 𝑒𝑥 

 cos 𝑥 ∙ 𝑒𝑥𝑑𝑥 = + cos 𝑥 ∙ 𝑒𝑥 + − −sin 𝑥 ∙ 𝑒𝑥 + (+) − cos 𝑥 ∙ 𝑒𝑥 𝑑𝑥 



The nature of understanding 

Mathematical understanding is not 
compatible with this culture 

  



What understanding is not  

Mathematical understanding is 

 not fast 

 must be “hand-made” 

 not powerful 



The nature of understanding 

 Mathematical understanding takes time, 
because it is based on theoretical thinking 
and theoretical thinking means…  

 



The nature of understanding 

 reflecting back on solutions and not rushing 
forward to solve the next problem;  

 making meanings of terms as explicit as possible 
and sticking to these meanings in what one says;  

 constantly questioning one‟s statements and 
checking them for consistency, relevance and 
generalizability;  

 considering all hypothetically conceivable 
possibilities and not only those that are the most 
“typical”,  

 all the while carefully picking one‟s words and 
seeking the most economical and the most 
operational systems of notation.  
 



The nature of understanding 

 Who has the time for all that in a culture 
of quick action and instant gratification?  

 



The nature of understanding 

 In a culture where political and economic 
power is everything, theoretical thinking 
is not a “powerful” way of thinking.  

 It is likely to delay material action and 
does not usually produce decisive and 
readily applicable results.  

 



Bleak prospects for the New Solution 

• In view of the above, to implement “teaching 
for understanding” in the American culture it 
would be necessary to convert “learning 
trajectories” into “fast track” scenarios, 
reducing them to a few types of tasks  

• For example, with the “whole” being either a 
rectangle or a circle only, in type B 
equipartitioning tasks, 

• and focusing on only a few “key 
developmental understandings” or 
“meanings”.  

 



Bleak prospects for the New Solution 

Everything will inevitably converge to the 
same, old, compartmentalized, cook-book 
approaches that are so characteristic of the 
American College Algebra and Calculus 
textbooks.  

 



The nature of understanding 

 Understanding is fluid; it cannot be contained. 
How can we speak of “unpacking” it? 

 Understanding is a moving target. How can we 
pin down some “goal understandings” or fix 
“learning trajectories” to reach those goals? 

 Once contained and pinned down, understanding 
will turn into something else, most likely 
“learning objectives”, together with precise 
descriptions of behaviors to be taken as evidence 
that they have been achieved.   



The nature of understanding 

 It is perhaps better to speak of 
understanding as an ongoing process, 

 of “improving” one‟s understanding rather 
than “achieving” it. 

 I understand something better if I see it 
from yet another point of view. 

 I understand it even better if I can see 
how the different “snapshots” are related, 
and what could be the system they are 
part of.  



To understand X better: to see X 
from yet another point of view  



To understand X better: to see X 
from yet another point of view  



To understand X better: to see X 
from yet another point of view  



To understand X better: to see X 
from yet another point of view  



To understand X even better:  
to see how the different 
snapshots of X are related  

𝑧 = 𝑥3 − 𝑦3 sin(𝑥 ∙ log 𝑦2 ) 



The nature of understanding 

 I cannot predict how I am going to 
understand something in the future. 

 Nobody can tell me how I should 
understand something and hand me down 
his or her understanding on a plate.  

 Understanding is always “home-made” 
and “hand-made”: from the fabric of my 
memories, my knowledge, my experience, 
my beliefs, my culture, my sensitivity, etc.    



To understand better, I need rich 
opportunities to see things from a 
variety of points of view 

I don‟t learn much from predictable 
situations. 

 

And, as Homo Economicus, I will not 
change my ways of thinking unless I have 
to.  



The “squareness” task 

 Making the desired understandings more explicit is 

not enough to motivate students to develop them. 

They must see a reason for changing their 

inadequate understandings.  

 The “squareness” task does not satisfy this 

condition.  

 



The “squareness” task 

 “If one gives the following problem to prospective 
elementary school teachers… one gets a high percentage 
of incorrect additive solutions. That is students use the 
difference between the sides to decide on the relative 
‘squareness’ of each property. 

A new housing subdivision offers lots of three 
different sizes: 185 feet by 245 feet, 75 feet by 114 
feet and 455 feet by 508. If you were to view these 
lots from above, which would appear most square? 
Which would be the least square? Explain your 
answers…. 

What is it these students who generate incorrect additive 
solutions understand and do not understand?”  
(Simon, p. 8) 

 



The “squareness” task 

Students aim at a correct ANSWER, and not 
at correct reasoning, and they want to get 
the correct answer with the least effort. 

 

Estimating the difference is certainly easier 
in this case than calculating the ratio, and, 
in the particular case of this task, 
comparing differences produces the same 
answer as the comparison of ratios.  



The “squareness” task 

Dimensions Difference Ratio 

185 x 245 60 1.324… 

75 x 114 69 1.52 

455 x 508 53 1.116… 



Re-designing the task 

 This problem, therefore, would not convince 
students of the inadequacy of their reasoning.  

 One would have to change the numbers given in 
the problem so that the order of differences 
would be different than the order of the ratios:  

 have at least one pair of lots, say,  
 (a+t)×a and (b+s)×b (where all variables refer 

to positive numbers)  
 such that the ratios of dimensions would be in 

the relation, e.g.   
 (a+t)/a<(b+s)/b    
 but the differences would be in the opposite 

relation,  t>s.  



Re-designing the task 

 If we put 𝑏 = 𝑘𝑎 for some positive scalar 𝑘, then we can find some hints as to the 

choice of appropriate numbers.  



𝑎+𝑡

𝑎
<
𝑘𝑎+𝑠

𝑘𝑎
 

 This is equivalent to 



𝑘𝑎+𝑘𝑡

𝑘𝑎
<
𝑘𝑎+𝑠

𝑘𝑎
 

 and further, to 

 𝑘𝑡 < 𝑠 

 For this inequality to be true simultaneously with 𝑡 > 𝑠, we must have 𝑘 < 1.  

 



Re-designing the task 

 Suppose we take 𝑡 = 60, 𝑠 = 53, 𝑘 = 0.6, 𝑎 = 185, 

𝑏 = 0.6 ∙ 185 = 111. Then  



245

185
=
𝑎+𝑡

𝑎
<
𝑏+𝑠

𝑏
=
164

111
 

 The ratios of the dimensions, 1.324… < 1.477…. , 

are not in the same order as the differences: 60 > 53. 

 



A revised “squareness” task 

Dimensions Difference Ratio 

185 x 245 60 1.324… 

75 x 114 69 1.52 

111 x 164 53 1.477… 


